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1. Introduction

In basic combinatorial topology, specifically in the theory of simplicial complexes,

there is a result which proves that the ordered homology functor is naturally isomor-

phic to the oriented homology functor. In this thesis, we establish a generalization of

this result which applies in a rather remarkably wide range of situations.

Let us quickly summarize the situation in the case of simplicial complexes: Re-

call (1) that a simplicial complex is a collection of simplices (of varying dimension)

equipped with gluing rules (which satisfy that either two simplices are glued isomet-

rically along a subsimplex or they do not intersect) and (2) that a simplicial map

from one simplicial complex to another sends vertices to vertices and extends that

mapping linearly on every simplex. There are two types of chain complexes which we

associate to such an object: First, we associate to it the oriented chain complex which

is generated by orientations of the simplices in the complex subject to the relation

that an orientation is equal to the inverse of the opposite orientation. Moreover, we

can associate to each simplicial map a chain map which sends an orientation to the

orientation of the image of a representative under the mapping. Second, we asso-

ciate to it the ordered chain complex which is freely generated by tuples of vertices

which are all contained in some simplex. We can also associate to each simplicial

map a chain map which sends a tuple of vertices to the tuple of evaluations of the

function at each of the vertices. We, furthermore, can define the homology of both

of these sorts of chain complexes and induce maps on the level of homology. The

classic result (Theorem 2.4.1) is that there is a chain homotopy between the ordered

and the oriented chain complexes which lifts to a natural isomorphism at the level of

homology.

Our approach is a bit more abstract. We begin with a category satisfying mild

“niceness” constraints and a cosimplicial-type set in the category which is subject

to some somewhat strong conditions. We define the functor which associate to each

object in the category the simplicial-type set of mappings into the object from the
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components of the cosimplicial-type set. We then define the oriented complex to

be generated by the natural equivalence classes under the action of the symmetric

group of “injective” mappings from the components of the cosimplicial object to the

specified object in the category subject to the conditon that opposite equivalence

classes are inverses. There is a nice way to functorially extend this to morphisms in

the category induced by composition. We define the ordered complex to be generated

by all (including degenerate) morphisms into the object. This also extends to a

functor via composition. The main result of this thesis (Theorem 5.7.1) is that there

is an infranatural chain homotopy (these terms making up this expression will be

explained in sections 3.4 and 4.4) between these two functors which lifts to a natural

isomorphism at the level of homology.

In chapter 2 we recall the basic theory of simplicial complexes express the classic

result. After this, we begin building towards the more general context and result.

In chapter 3, we give an overview of the elementary components of category theory

which we make use of in this thesis. Then in chapter 4, we recall the basics of

homological algebra–discussing chain complexes, in section 4.2, and their homologies,

in section 4.3–and then, in section 4.5 prove the acyclic carrier theorem (Theorem

4.5.4) after developing the basic theory of chain homotopy, in section 4.4. After

of all this preliminary exposition, in chapter 5 we do some original work: After

recalling, in section 5.2, the definition and basic theory of the “simplicial category”

and generalizing this definition and these results slightly, we construct two functors

from this category to the category of chain complexes in section 5. Then in sections

5.4 and 5.5 we develop the context in which we will prove our main result. Finally,

in sections 5.6 and 5.7, we prove our theorem.
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2. Topological Preliminaries

2.1. Introductory Remarks. In this chapter, we review the homology theory of

simplicial complexes and state the result (Theorem 2.4.1) which we generalize in this

thesis. In section 2.2 we introduce the basic objects of study. Then in section 2.3

we introduce both the oriented (in subsection 2.3.2) and the ordered (in subsection

2.3.3) chain and homology theories. In section 2.4 we state the theorem (Theorem

2.4.1) which says that the ordered homology theory is naturally isomorphic to the

oriented homology theory. Finally, in section 2.5 we gesture towards the direction in

which we will generalize in this thesis.

2.2. Simplicial Complexes. We begin this section by stating the definition of the

standard n-simplex (definition 2.2.1)–a topological space analgous to a triangle but

which has dimension n–and of a morphism of standard simplices (definition 2.2.3)–the

linear extension of a map defined on vertices. In particular, we introduce three specific

types of standard simplex morphisms–known as cofaces (definition 2.2.4), codegen-

eracies (2.2.5), and cotranspositions (definition 2.2.6)–into a sequence of which any

morphism of standard simplices factors. At last we give the definition of a simplicial

complex (definition 2.2.7)–basically a collection of standard simplices of varying di-

mension glued together linearly along subsimplices–and of a simplicial map (definition

2.2.6) between simplicial complexes.

The basic building block of a simplicial complex is a specific sort of topological

space, a standard simplex–the analogue of a triangle in the appropriate dimension:

Definition 2.2.1. The standard n-simplex, denoted by ∆n, is a topological space

defined for n ∈ {−1,0,1, . . .}. For n = −1, the standard (−1)-simplex is the empty

space. For n ≥ 0, the standard n-simplex is the set

{(x0, . . . , xn) ∣xi ≥ 0,
n

∑
i=0

xi = 1} ⊂ Rn+1

equipped with the subspace topology.
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In order to state the gluing rules between component simplices in simplicial com-

plexes via topological quotienting and, we must discuss maps between standard sim-

plices. While we can do this directly, it is easiest to proceed by first introducing the

notion of a standard simplex’s vertex:

Definition 2.2.2. The ith vertex of the standard n-simplex is the point

vni =
⎛
⎜
⎝
0, . . . ,0
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶

i

,1,0, . . . ,0
´¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¶
n−i−1

⎞
⎟
⎠

in ∆n. We denote by V ∆n the set {vn0 , . . . , vnn} of vertices of ∆n.

In order to proceed to define morphisms of standard simplices using the terminology

of vertices, we first use the terminology to describe the standard simplices themselves.

It allows us to differently state the definition of the standard n-simplex, for n ≥ 0:

the standard n-simplex is the set

{
n

∑
i=0

xivni ∣xi ≥ 0,
n

∑
i=0

xi = 1}

of linear combinations–where the weights are non-negative and sum to 1–of vertices

again equipped with the topology pulled back along the inclusion into Rn+1. This

formalism simplifies the description of mappings between simplices:

Definition 2.2.3. A morphism of simplices θ ∶ ∆n → ∆m from ∆n to ∆m is the

linear extension of a set map V ∆n → V ∆m on the corresponding vertex sets denoted,

thanks to abuse of notation, by θ ∶ V ∆n → V ∆m. In detail, it is given by

n

∑
i=0

xivni ↦
n

∑
i=0

xi θvni =
m

∑
j=0

vmj ∑
vn
i ∈θ

−1vm
j

xi

Here the double summation is obtained by rewriting in terms of the vertices of ∆n

the single summation given by linear extension. We say that the map θ ∶ ∆n → ∆m

from ∆n on simplices is induced by the map θ ∶ V ∆n → V ∆m on vertex sets. This
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allows us to describe the map θ ∶ ∆n → ∆m from ∆n on simplices by only specifying

the action on vertex sets.

It turns out1 that every morphism of simplices θ ∶∆n →∆m factors as a sequence

dim−k
m ⋯di1k+1s

in−k

k ⋯si1n−1t
i`
n⋯ti1n

of “cotransposition maps” tin followed by a sequence of “codegeneracy maps” sij,

followed by a sequence of “coface maps” dij. This alone is reason enough to make

mention of these maps. But moreover, these maps allow us to explain exactly the

way in which the simplices making up a simplicial complex are glued together. And

furthermore, these maps satisfy nice commutativity relations2 which allow us to define

the oriented and ordered homologies.

We introduce first the coface maps:

Definition 2.2.4. The ith coface of the standard n-simplex is the inclusion map

din ∶∆
n−1 →∆n induced by the map V ∆n−1 → V ∆n on vertex sets given by

vn−1` ↦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

vn` if ` < i

vn`+1 if ` ≥ i

Intuitively, this map includes ∆n−1 into the copy of ∆n−1 inside ∆n which is opposite

the ith vertex of ∆n”.

Whereas the coface maps are the canonical dimension-increasing maps between sim-

plices, the codegeneracy maps are the canonical dimension-decreasing maps between

simplices:

1We will not prove this directly. However, the interested reader can deduce this from example 5.2.11
together with lemma 5.2.7.
2These identities are listed at 5.2.6.
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Definition 2.2.5. The ith codegeneracy of the standard n-simplex is the map sin ∶

∆n+1 →∆n induced by the map V ∆n+1 → V ∆n on vertex sets given by

vn+1` ↦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

vn` if ` ≤ i

vn`−1 if ` > i

Intuitively, this map collapses one dimension of the standard n+1-simplex by pinching

together the ith and the (i + 1)th vertices and extending the pinch linearly.

Finally, the codegeneracy maps are the canonical maps between simplices which

are dimension-constant:

Definition 2.2.6. The ith cotransposition of the standard n-simplex is the map

tin ∶∆
n →∆n induced by the map V ∆n → V ∆n on vertex sets given by

vn` ↦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

vn` if ` < i

vn`+1 if ` = i

vn`−1 if ` = i + 1

vn` if ` > i + 1

Intuitively, this map rotates the standard n-simplex through Rn+1 so that the ith and

the (i + 1)th vertices are swapped.

The first of these three maps in particular allows us to define the “glue” in a

simplicial complex. This allows us to give the definition at last:

Definition 2.2.7. A simplicial complex L is the topological space equipped with

extra data which describes its construction. One is built from an N̂-graded3 collection

Comp [L] = {Compn [L] = {L∆n
α =∆n

× {α}}α∈Jn
}
n∈N̂

3By N̂ we denote the augmented collection of natural numbers, the set {−1,0,1, ...}.
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of copies of the standard simplices,4 known as L-component standard n-simplices,

which are glued together. In particular, two (not necessarily distinct) simplices L∆n
α,

L∆m
β either are not glued together or they share a subsimplex in the sense that

inclnαd
in−k
n ⋯di1k+1 = inclmα dim−k

n ⋯di1k+1t
i`
k⋯ti1k

Intuitively, this means that any two component simplices which are glued together

along a subsimplex via an isometry.

It is important to note that when we speak of a simplicial complex we refer both to

the topological space constructed as described above and of the data which describes

its construction: its component simplices, inclusion maps, and its gluing data.

Example 2.2.8. The first example of a simplicial complex is the standard n-simplex

∆n. The N̂-graded set of component simplices is given by

Comp [∆n] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Comp
−1 [∆n] = ∅

⋮

Compn−1 [∆n] = ∅
Compn [∆n] = {∆n}

Compn+1 [∆n] = ∅
⋮

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
It is trivial is all dimensions but n where it contains one copy of the standard n-

simplex.

Having now introduced the objects of interest, we introduce the maps between

them:

Definition 2.2.9. A simplicial map f ∶ L → K is a continuous map from (the topo-

logical space) L to (the topological space) K which sends each L-component standard

4Which automatically yields an N̂-graded collection

{{inclnα ∶∆
n
→L ∆n

α ⊂ L}α∈Jn
}

n∈N̂

of inclusions ∆n →L ∆n
α given by (x0, . . . , xn)↦ (x0, . . . , xn, α).
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simplex L∆n
α via a morphism of simplices fα,βn,m to a K-component standard simplex

K∆m
β .

Example 2.2.10. The first example of a simplicial map “is” a morphism of standard

simplices: Let θ ∶ ∆n → ∆m me a morphism of standard simplices. As in example

2.2.8, ∆n is a simplicial complex with N̂-graded set of component simplices given

componentwise by Compi [∆n] = ∅ for i ≠ n and by Compn [∆n] = {∆n} for i = n.

Similarly, ∆m is a simplicial complex with N̂-graded set of component simplices given

componentwise by Compi [∆m] = ∅ for i ≠m and by Compm [∆m] = {∆m} for i =m.

One simplicial map ∆n → ∆m is thus given by sending the ∆n-component n-simplex

∆n to the ∆m-component m-simplex ∆m according to the morphism of standard

simplices θ. It is clear that these two descriptions are both of the same continuous

map.

Furthermore, every simplicial map between standard simplices “is” a morphism of

standard simplices. Thus every simplicial map between standard simplices decom-

poses as we discussed above.

In this section we introduced a class of objects of interest, simplicial complexes,

and maps between them (as we will see in section 3.2, those constitute the objects and

morphisms of a category). We observed, in particular, that the simplicial mappings

among the standard simplices factor as a sequence of cotranspositions followed by a

sequence of codegeneracies followed by a sequence of cofaces. In the following section,

we will make use of this fact to define the oriented and ordered homology associations.

2.3. Simplicial Homology.

2.3.1. Introductory Remarks. In this section, after discussing loosely the basic idea of

a simplicial homology theory, we discuss two particular theories: oriented homology,

in subsection 2.3.2, and ordered homology, in subsection 2.3.3.

Before we get into the details of either homology, let’s discuss the general notion of

simplicial homology. The two purposes of a topological homology theory are (1) to
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distinguish two topological spaces on the basis of the number, dimension, and type of

“holes” that appear in the spaces and (2) to distinguish two different maps (between

the same topological spaces) on the basis of the way they treat the structures on

the two spaces detected by the homology theory. By a “hole,” we mean a “loop”

which does not “bound a region”. A n-dimensional loop in a topological space X

is a continuous map Sn → X into the space from the n-sphere; we say that a loop

bounds a region just in case the map extends to a map Dn+1 →X from the n+ 1-ball

(whose boundary is the n-sphere) to the space. These structures can be detected

via mappings in of simplices as well because an n-sphere can be triangulated by n-

simplices as an n+ 1-ball can be triangulated by n+ 1 simplices. This is basically the

approach that both homologies discussed in this section take, although the class of

mappings that they allow are different (both from each other and from the “singular”

case described here).

2.3.2. Oriented Homology. In the case of oriented homology, we consider only in-

jective mappings of simplices into a simplicial complex. We do not look at these

mappings directly but rather consider equivalence classes under the action of the

symmetric group. So in this subsection, we first define oriented n-simplices (defi-

nition 2.3.4) to be equivalence classes of injective n-simplices (definition 2.3.1), and

then we define the oriented chain complex to be the sequence of abelian groups gen-

erated, at dimension n, by the oriented n-simplices subject to the obvious relation

equipped with the boundary map which is the linear extension of what amounts to

the alternating sum of the cofaces, though this notion itself is not well-defined, of the

oriented simplices. After proving that the boundary map satisfies the necessary tech-

nical condition (lemma 2.3.6), we define the oriented homology (definition 2.3.4) of a

simplicial complex. Finally, we induce a map on oriented chain complexes (definition

2.3.8) and, after demonstrating that it is possible (corollary 2.3.10), we induce a map

on oriented homology (definition 2.3.11).
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To begin with, we define injective mappings of the simplices into a simplicial com-

plex:

Definition 2.3.1. An injective n-simplex
↪
σ nα in a simplicial complex L is a simplicial

map
↪
σ nα ∶∆

n → L which is injective on the underlying topological spaces.

As we mentioned, we won’t be looking at the injective mappings directly but instead

will be considering equivalence classes of these mappings under the action of the

symmetric group. Below, at discussion 2.3.3, we talk about just what action of the

symmetric group we mean. But before we do that, we state the following fact about

injective simplices which is necessary in order for us to understand these equivalence

classes:

Observation 2.3.2. Every injective n-simplex
↪
σ nα in a simplicial complex L factors

as

↪
σ nα = incln+kβ dikn+k⋯di1n+1t

i`
n⋯ti1n

a sequence of cotranspositions followed by a sequence of coface maps followed by a

component inclusion map of L.

Proof. Omitted.5 �

We are now prepared to understand the natural action of the symmetric group

on the injective simplices and in particular to understand the orbit of an injective

simplex under the action:

Discussion 2.3.3. There is a straightforward action of the symmetric group Sn–

that is the symmetric group on the letters {0, . . . , n}–on the set Mapsinj (∆n, L) of

injective n-simplices in a simplicial complex L induced by the cotransposition maps.

Observe first that tin ∶∆
n →∆n induces the precompose-by-tin map

tni = − ○ tin ∶Mapsinj (∆n, L)→Mapsinj (∆n, L)
5The interested reader can obtain this as a result of proposition 5.2.7.
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which we term the ith transposition map. With a little work, one can check that the

transposition maps satisfy the following equations:

(1) tni t
n
i = 1

(2) tnj−1t
n
j t
n
j−1 = tnj t

n
j−1t

n
j

(3) tni t
n
j = tnj t

n
i if i < j − 1

But these are exactly the relations imposed in the transposition presentation of Sn!

In other words,

⟨t0, . . . , tn−1∣titi = 1, tj−1tj tj−1 = tj tj−1tj, titj = tj ti if i < j − 1⟩

is a presentation of Sn.
6

This suggests that we let Sn act on Mapsinj (∆n, L) by “replacing ti with tni ”. In

detail, define the action ● ∶ Sn ×Mapsinj (∆n, L)→Mapsinj (∆n, L) on generators by

ti ●
↪
σ nα z→ tni

↪
σ nα =

↪
σ nαt

i
n

We can describe the orbits of this group action using observation 2.3.2: Let
↪
σ nα ∈

Mapsinj (∆n, L). Then

↪
σ nα = incln+kβ dikn+k⋯di1n+1t

i`
n⋯ti1n

by observation 2.3.2. Thus the orbit ∣↪σ nα∣ of
↪
σ nα is the set

∣↪σ nα∣ = {incln+kβ dikn+k⋯di1n+1t
αj
n ⋯tα1

n ∣j ∈ N,0 ≤ α1, . . . , αj ≤ n − 1}

of all sequences of cotranspositions (i.e. all “permutations”) followed by incln+kβ dikn+k⋯di1n+1.

Moreover, this orbit is in bijection with Sn.

6Here ti ∶ {0, . . . , n}→ {0, . . . , n}, given by

k ↦

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

k if k < i
k + 1 if k = i
k − 1 if k = i + 1

k if k > i + 1

is just the ith standard transposition on the letters {0, . . . , n}.
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A basic fact about the symmetric group is that any two factorings ti`⋯ti1 and tj`′⋯ti1

of a permutation p ∈ Sn into a product of transpositions have the same length mod 2

(i.e. ` ≡ `′mod2). This allows us to define an equivalence relation on Sn by p ∼ p′ just

in case any factoring of p−1p′ has length 0 mod 2. Clearly this equivalence relation

partitions Sn into two equivalence classes. This induces a partition of the orbit ∣↪σ nα∣
of each injective simplex

↪
σ nα into two equivalence classes [↪σ nα]

a
and [↪σ nα]

b
. We will

denote by [↪σ nα] the equivalence class which actually contains the injective simplex

↪
σ nα and by − [↪σ nα] the equivalence class which does not contain it.

For the sake of brevity and conceptual clarity, we introduce further terminology to

describe these equivalence classes:

Definition 2.3.4. An oriented n-simplex [↪σ nα] is the equivalence class of an injective

simplex
↪
σ nα which we just constructed in discussion 2.3.3. We say that the oriented

n-simplex [↪σ nα] is opposite to the oriented n-simplex − [↪σ nα] = [
↪
σ n
β] (for some β).

We associate an intermediate simplicial complex the algebraic structure, known as

the oriented chain complex, from which we will describe the algebraic structure of

main interest, the oriented homology, which tracks the number, dimension, and type

of “holes” that appear in a space:

Definition 2.3.5. The oriented chain complex associated to a simplicial complex L

is the Z-graded sequence

ZoriL = ⋯
∂n+1

ZoriL

→ Zori
n L

∂n
ZoriL

→ Zori
n−1L

∂n−1
ZoriL

→ ⋯

∂0
ZoriL

→ Zori
−1L

∂−1
ZoriL

→ 0
∂−2

ZoriL

→ 0
∂−3

ZoriL

→ ⋯

of abelian groups Zori
n L and homomorphisms ∂nZoriL

∶ Zori
n L→ Zori

n−1L known as boundary

maps. The abelian groups Zori
n L are presented by

Zori
n L = ⟨[

↪
σ nα] ∶

↪
σ nα ∈Mapsinj (∆n, L) ∣ ([↪σ nα])

−1
= − [↪σ nα]⟩

12



They are generated by the oriented n-simplices in L subject to the relation that

opposite simplices are inverses. The boundary map ∂nZoriL
∶ Zori

n L→ Zori
n−1L is given on

generators to be

[↪σ nα] z→
n

∑
i=0

[↪σ nαdin]

an alternating sum of the oriented (n − 1)-simplices which are represented by the

cofaces of some representative
↪
σ nα of [↪σ nα]. In fact, the boundary map well-defined

as can be deduced from the discussion in construction 5.3.4.

An element Cnα in level n of the oriented chain complex Zori
n L is known as an oriented

n-chain in L.

The following fact about the oriented chain complex associated to a simplicial

complex allows us to define the oriented homology:

Lemma 2.3.6. Let L be a simplicial complex. The boundary map of the oriented

chain complex associated to L satisfies that ∂n−1ZoriL
∂nZoriL

= 0 for all n ∈ Z.

Proof. Omitted. The interested reader can deduce this from the discussion in con-

struction 5.3.4. �

Equipped with this fact, we can now define the oriented homology of a simplicial

complex:

Definition 2.3.7. The oriented homology of a simplicial complex L is the Z-graded

sequence HoriL = (Hori
n L)n∈Z which is defined at each level by

Hori
n L =

ker∂nZoriL

im∂n+1ZoriL

This quotient makes sense because by lemma 2.3.6, im∂n+1ZoriL
⊂ ker∂nZoriL

.

In the introductory remarks (subsection 2.3.1), we said that simplicial homology

detects “holes:” their number, dimension, and type. We said that it detects loops

which are not bounding regions. In fact, oriented homology does this. But how?
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Loops of dimension n in a simplicial complex correspond to generators (in some

representation) of the kernel of the nth boundary operator. A generator for the kernel

of the nth boundary operator is an oriented n-chain which the boundary operator

takes to 0–that is, a generator for the kernel of the nth boundary operator is a sum of

oriented n-chains whose boundaries7 cancel. In particular, loops of dimension n which

bound regions of dimension n + 1 correspond to generators (in some representation)

of the image of the (n + 1)th boundary operator. A generator for the image of the

(n+ 1)th boundary operator is the sum of oriented n-simplices which “wrap around”

the oriented (n+1)-chain under consideration. Thus be quotienting the nth kernel by

the (n + 1)th image, we obtain a gadget which keeps track of the loops of dimension

n which do not bound regions of dimensin n + 1.

But as we stated in the introductory remarks, a homology does not just distinguish

two spaces but also distinguishes two maps between the same spaces. In order to do

this, we will induce maps on oriented homology from (injective) maps on simplicial

complexes. We do this by first inducing maps on oriented chain complexes:

Definition 2.3.8. The induced morphism of oriented chain complexes Zorif ∶ ZoriL→

ZoriK induced by an injective simplicial map f ∶ L → K is the Z-graded sequence

Zorif = (Zori
n f ∶ Zori

n L→ Zori
n K)n∈Z of homomorphisms–really the chain map8–given at

each level by

Zorif ∶ [↪σ nα] z→ [f
↪
σ nα]

This map is in fact well-defined as the interested reader can deduce from observation

5.3.5.

7Unfortunately, there is not a very clear geometric notion of the boundary of an oriented simplex
because the oriented (n − 1)-simplex corresponding to the ith coface of some representative of the
oriented n-simplex is always different from the ith coface of another representative of the oriented
n-simplex.
8We will explain what this term means here. We provide thorough formal discussion of chain
complexes and chain maps between them in section 4.2.
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We need that the induced map on chain complexes cooperates with the boundary

operator of the chain complexes in order to define the induced map on homology. In

particular we need the following:

Lemma 2.3.9. Let f ∶ L → K be a simplicial map. Then the induced morphism

of oriented chain complexes Zorif ∶ ZoriL → ZoriK “commutes with the boundary

operator” in the sense that ∂nZoriL
Zori
n f = Zori

n−1f∂
n
ZoriK

.

Proof. Omitted. The interested reader can deduce this from observation 5.3.5. �

Beause the induced map on chain complexes cooperates with the boundary opera-

tors on the chain complexes, we obtain that kernels and images of the boundary map

in the domain oriented complex are included into the kernels and images, respectively,

of the codomain oriented complex:

Corollary 2.3.10. Let f ∶ L → K be a simplicial map. Then the induced morphism

of oriented chain complexes Zorif ∶ ZoriL→ ZoriK satisfies the following:

(1) Zorif im∂n+1ZoriL
⊂ im∂n+1ZoriK

(2) Zorifker∂nZoriL
⊂ ker∂nZoriK

Proof. Immediate. �

These inclusions allow us to define the induced morphism on homology in “the

obvious way:”

Definition 2.3.11. The induced morphism on oriented homology Horif ∶ HoriL →

HoriK induced by a simplicial map f ∶ L→K is the sequence Horif = (Hori
n f ∶H

ori
n L→Hori

n K)n∈Z
given at each level by

[Cnα ] z→ [Zori
n fCnα ]

This definition makes sense by corollary 2.3.10.

So we have now both (1) associated algebraic structures, the oriented homology

groups, (and also the intermediate algebraic structures, the oriented chain complexes)
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to simplicial complexes and (2) associated maps of algebraic structures, the induced

maps on homology, (and also the induced maps of oriented chain complexes) to injec-

tive simplicial complexes. These associations keep track of the “holes” in simplicial

complexes and the way that maps between simplicial complexes treat these holes in

the way sketched in the remarks at subsection 2.3.1.

2.3.3. Ordered Homology. In this subsection, we proceed in a manner analogous to

that of the previous subsection. However the manner in which we proceed in this

section is more in line with the introductory remarks of subsection 2.3.2: we consider

all, not only injective, simplicial mappings into a simplicial complex from the n-

simplices–known as ordered simplices in the simplicial complex (see definition 2.3.12).

We will define (see definition 2.3.13) the ordered chain complex of a simplicial complex

to be freely generated by the ordered simplices in the simplicial complex and define the

boundary operator on the chain complex to send an ordered simplex to the alternating

sum of its cofaces. After checking that it is possible to do so (see lemma 2.3.14), we

define, at definition 2.3.15, the ordered homology of a simplicial complex to be the

sequence of quotients of kernels by images of the boundary map of the ordered chain

complex as we did for the definition (see 2.3.7) of oriented homology. Subsequently,

we will proceed, as in the previous subsection, to induce maps on ordered homology

(see definition 2.3.19) by first inducing a map on ordered chain complexes.

We begin by defining ordered simplices:

Definition 2.3.12. An ordered n-simplex
→
σ nα in a simplicial complex L is a simplicial

map
→
σ nα ∶∆

n → L.

Then the ordered chain complex associated to a simplicial complex is just the

complex freely generated at each level by the ordered simplices at that level whose

boundary map is given by the alternating sum of cofaces. In detail:

16



Definition 2.3.13. The ordered chain complex associated to a simplicial complex L

is the Z-graded sequence

ZordL = ⋯
∂n+1

ZordL

→ Zord
n L

∂n
ZordL

→ Zord
n−1L

∂n−1

ZordL

→ ⋯

∂0
ZordL

→ Zord
−1 L

∂−1
ZordL

→ 0
∂−2

ZordL

→ 0
∂−3

ZordL

→ ⋯

of abelian groups Zord
n L and homomorphisms ∂nZordL

∶ Zord
n L→ Zord

n−1L known as bound-

ary maps. The abelian groups Zord
n L are presented by

Zord
n L = ⟨→σ nα ∶

→
σ nα ∈Maps (∆n, L)⟩

They are freely generated by the ordered n-simplices in L. The boundary map ∂nZordL
∶

Zord
n L→ Zord

n−1L is given on basis elements to be

→
σ nα z→

n

∑
i=0

→
σ nαd

i
n

an alternating sum of the ordered (n − 1)-simplices which are the cofaces of
→
σ nα.

An element Cnα in level n of the ordered chain complex Zord
n L is known as an ordered

n-chain in L.

In order to define the homology, we need to check that double application of the

boundary operator to a chain yields zero so that we will have that the image of the

(n+1)th boundary operator is a subgroup of the kernel of the nth boundary operator:

Lemma 2.3.14. Let L be a simplicial complex. The boundary map of the ordered

chain complex associated to L satisfies that ∂n−1ZordL
∂nZordL

= 0 for all n ∈ Z.

Proof. Omitted. The interested reader can deduce this from proposition 5.3.2. �

This fact allows us to define the “ordered homology” associated to a simplicial

complex:
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Definition 2.3.15. The ordered homology of a simplicial complex L is the Z-graded

sequence HordL = (Hord
n L)

n∈Z which is defined at each level by

Hord
n L =

ker∂nZordL

im∂n+1ZordL

This quotient makes sense because by lemma 2.3.14, im∂n+1ZordL
⊂ ker∂nZordL

.

The reason why this algebraic object detects “holes” in a simplicial complex is

exactly the same as the reason discussed below definition 2.3.7. The loops in a

simplicial complex show up as generators (in some representation) of the kernel of

the boundary operator and those loops which bound regions show up as generators

(in some representation) of the image of the boundary operator. Thus quotienting

the kernel by the image yields a gadget which counts and gives additional information

about the loops in the simplicial complex which do not bound regions.

Again, we want to define homology not only for simplicial complexes but also for

maps of simplicial complexes. As before, we first induce a map on the level of chain

complexes:

Definition 2.3.16. The induced morphism of ordered chain complexes Zordf ∶ ZordL→

ZordK induced by a simplicial map9 f ∶ L → K is the Z-graded sequence Zordf =

(Zord
n f ∶ Zord

n L→ Zord
n K)n∈Z of homomorphisms–really the chain map–given at each

level by

Zordf ∶
→
σ nα z→ f

→
σ nα

In order to induce a map on ordered homology via this induced map on ordered

chain complexes, we need that the map on chain complexes cooperates with the

boundary operator in each complex:

Lemma 2.3.17. Let f ∶ L → K be a simplicial map. Then the induced morphism

of ordered chain complexes Zordf ∶ ZordL → ZordK “commutes with the boundary

operator” in the sense that ∂nZordL
Zord
n f = Zord

n−1f∂
n
ZordK

.

9Note that this simplicial map need not be injective–a difference from the oriented case.
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Proof. Omitted. The interested reader can deduce this from observation 5.3.3. �

With this result, we can deduce certain inclusions:

Corollary 2.3.18. Let f ∶ L → K be a simplicial map. Then the induced morphism

of ordered chain complexes Zordf ∶ ZordL→ ZordK satisfies the following:

(1) Zordf im∂n+1ZordL
⊂ im∂n+1ZordK

(2) Zordfker∂nZordL
⊂ ker∂nZordK

Proof. Immediate. �

These inclusions allow us to define an induced morphism on ordered homology:

Definition 2.3.19. The induced morphism on ordered homology Hordf ∶ HordL →

HordK induced by a simplicial map f ∶ L→K is the sequence Hordf = (Hord
n f ∶Hord

n L→Hord
n L)

n∈Z

given at each level by

[Cnα ] z→ [Zord
n fCnα ]

This definition makes sense by corollary 2.3.18.

As we did in the preceeding subsection, in this section we developed a simplicial

homology for simplicial complexes. We have constructed two layers of algebraic struc-

tures over simplicial complexes and simplicial maps: intermediately ordered chain

complexes and induced maps on ordered chain complexes and centrally ordered ho-

mology and induced morphisms on ordered homology. As discussed in the introduc-

tory remarks (subsection 2.3.1) the ordered homology keeps track of the number,

type, and dimension of holes that appear in a simplicial complex.

2.3.4. Concluding Remarks. In this section, we presented two similar but different

approaches to simplicial homology of simplicial complexes. As we will see in chapter

3, what we actually introduced were two functors from the category SimpComp

of simplicial complexes and simplicial maps to the category Ab of abelian groups

and homomorphisms. It turns out that these two functors are related. In fact, the

oriented and the ordered homology are naturally isomorphic.
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2.4. The Natural Isomorphism. As we suggested in the remarks concluding sec-

tion 2.3, there is a connection between the two simplicial homologies we introduced.

In fact, there is a “natural isomorphism” from the ordered to the oriented homology.

This means that the oriented homology groups associated to a simplicial complex are

canonically isomorphic to the ordered homology groups associated to that complex

and that furthermore the maps induced on the homology groups by maps of simplicial

complexes are “the same” with respect to these isomorphisms. The following theorem

states this in detail:

Theorem 2.4.1. Ordered simplicial homology is “naturally isomorphic” to oriented

simplicial homology. That is, for each simplicial complex J there is an isomorphism

TJ ∶H
ordJ →HoriJ such that for any injective simplicial map f ∶ L→K we have that

TKHordf =HorifTL.

Proof. Omitted. This fact is an instance of the main result of the thesis, theorem

5.7.1. The proof is by way of some elementary results on chain homotopy, discussed

in section 4.4, together with the acyclic carrier theorem (theorem 4.5.4), which we

prove in section 4.5. �

The most interesting part of this theorem is the “naturality” of the isomorphism

from the ordered to the oriented homology. Unfortunately, this aspect of the theorem

is muffled by the language used to state it. The theorem could be stated much more

cleanly as “the ordered homology functor is naturally isomorphic to the oriented

homology functor.” This statement is more “powerful” because it draws attention

to the important objects, the “functors” rather than to only certain aspects of these

objects, their behavior on spaces alone. For this reason, we will introduce in the

coming chapter the language of categories, functors, and natural transformations.

2.5. Concluding Remarks. In this chapter, we provided the basic case which moti-

vates the work done in the rest of the thesis. The reader is encouraged to work through

examples computing the oriented and ordered homologies of a simplicial complex and
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the homologies of maps from one simplicial complex to another. It will be very helpful

to refer back to this geometric case when the abstraction becomes overbearing. We

will not be discussing the abstraction of theorem 2.4.1 until chapter 5 because we

first need to develop the language in which to state the result. To begin with, we

introduce the language of category theory in chapter 3 and then we introduce the

abstract algebraic notion of homology in chapter 4.
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3. Categorical Preliminaries

3.1. Introductory and Motivational Remarks. The language of category theory

is an invaluable organizing tool used throughout modern mathematics. But more

than just an organizing tool, it allows us to state results of the form “whenever a

situation is organized in this way it is furthermore organized in this other way”–it

allows us to radically abstract from concrete set-based statements about an object to

statements based on how the object interacts with other objects “of the same kind.”

We introduce first, in section 3.2, the definition of a category. Then, in sec-

tion 3, we introduce functors, maps between categories, and pseudofunctors, not-

necessarily well-behaved maps between categories. Finally, in section 3.4, we discuss

natural transformations, maps between functors, and infranatural transformations,

not-necessarily well-behaved maps between pseudofunctors.

3.2. Categories. First of all, we introduce the basic objects of study, categories.

Definition 3.2.1. A category C is a collection10 Ob (C), whose elements–denoted by

C, C ′, C ′′, . . .–are known as the objects of C, together with, for each ordered pairing

C,C ′ of objects in C, a collection MapsC (C,C ′) = Maps (C,C ′) whose elements

f , f ′, f ′′, . . . are known as morphisms or maps from C to C ′ in C equipped with

a composition operation MapsC (C ′,C ′′)⨉MapsC (C,C ′) → MapsC (C,C ′′) which

satisfies the following:

(1) There exist identity morphisms idC ∶ C → C such that (1) for any morphism

f ∶ C → C ′ from C (here C ′ is any object in C) the equality f idC = f holds

and that (2) for any morphism f ′ ∶ C ′′ → C to C (here C ′′ is any object in C)

the equality idCf ′ = f ′ holds.

(2) Composition is associative. That is, for f ∶ C → C ′, f ′ ∶ C ′ → C ′′, and

f ′′ ∶ C ′′ → C ′′′ the equality f ′′ (f ′f) = (f ′′f ′) f holds. Thus unique composition

10We will not trouble ourselves with set theoretical issues here. The interested reader is invited to
consider the treatment of these issues in [2].
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of morphisms is denoted by f ′′f ′f or displayed diagrammatically:

C
f

ÐÐÐ→ C ′
f ′

ÐÐÐ→ C ′′
f ′′

ÐÐÐ→ C ′′′

Example 3.2.2. An excellent first example of a category is the category of sets and

functions, denoted by Set. Its objects are sets S,T,U, . . . and its morphisms are just

functions between sets.

Example 3.2.3. An excellent second example category is the category of (left) R-

modules and module maps–where R is some ring–denoted by R −Mod. Its objects

are modules over R and its morphisms are R-module maps. Of central importance

for the exposition in this thesis is the case where R = Z. We denote the category

Z−Mod of modules over Z and Z-module maps by Ab and refer to it as the category

of abelian groups and homomorphisms.

Not all categories have as objects sets with structure and as morphisms structure-

preserving maps between them, as the following example demonstrates.

Example 3.2.4. Let S be any set. The discrete category on S has as objects the

elements of S and has no morphisms save for identity morphisms. It is trivial to check

that this is a category.

Example 3.2.5. Another example of a category is the category of topological spaces

and continuous functions, denoted by Top. Its objects are topological spaces X, Y ,

Z, . . . and its maps are continuous functions between topological spaces.

Example 3.2.6. An example with perhaps more pertinence to this thesis is the

category of simplicial complexes and simplicial maps SimpComp. Again, its objects

are simplicial complexes and its morphisms are simplicial maps between them which

we introduced in section 2.2.
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Example 3.2.7. A category which has a central role to play in this thesis is the

category ChainR, where R is a fixed ring, of chain complexes of R-modules and

chain maps. (See section 4.2.)

Definition 3.2.8. A subcategory D of a given category C is a category which has

as its object collection Ob (D) a subset of the object collection Ob (C) of C and has

as its collection MapsD (D,D′) of morphisms from D to D′ a subcollection of the

collection MapsC (D,D′) of morphisms in C from D to D′.

Example 3.2.9. For the purposes of this thesis, a good example of a subcategory is

the category InjSet whose objects are just sets and whose morphisms are injective

functions between sets. Obviously, this is a subcategory of Set, the category discussed

in example 3.2.2.

Definition 3.2.10. We say that two object C, C ′ are isomorphic just in case there

are morphisms f ∶ C ⇄ C ′ ∶ f ′ such that ff ′ = idC′ and that f ′f = idC .

Typically, one’s point of view about category is different from one’s point of view

about a particular object of study, such as a group. To begin with, the categories with

which one is often working are large, very large. Instead, what one often thinks about

are small bits of a category, known as diagrams. A diagram in a category is just11

a way of displaying some objects of a category and some morphisms between them.

Often throughout the thesis (and throughout the literature) there is talk of some

diagram commuting. The intuitive idea of this definition is this: in a commutative

diagram, any two “paths” of morphisms from one object C to another C ′ are equal.

For example, that–in some category C–the following diagram

C
f

ÐÐÐ→ C ′

f ′
×××Ö f ′′

×××Ö
C ′′

f ′′′

ÐÐÐ→ C ′′′

11In fact a diagram is (the image of) a functor from some “shape category” whose object and
morphism structure is exactly the one illustrated on the page (together with identity morphisms
and composition, etc.).
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commutes just means that f ′′f = f ′′′f ′.

To every category is canonically associated an opposite category which contains

“exactly the same information”. It is useful to discuss these categories in order

to define “contravariant functors” (see section 3.3) without them appearing to be

anything more than “covariant functors” from the opposite category of the domain.

Definition 3.2.11. Let C be a category. The opposite category of C, denoted by

Cop is the category which has the same objects as C and “the same morphisms as C,

but in the opposite direction”–that is to say the morphism sets MapsCop (C,C ′) have

their argument objects “flipped”, and the composition is “backwards”. In detail, the

morphism set is defined by MapsCop (C,C ′) = MapsC (C ′,C) and the composition

MapsCop (C ′,C ′′)⨉MapsCop (C,C ′) → MapsCop (C,C ′′) in Cop factors in the way

described by the following diagram:

MapsCop (C ′,C ′′)⨉MapsCop (C,C ′) rename×rename
ÐÐÐÐÐÐÐÐ→ MapsC (C ′′,C ′)⨉MapsC (C ′,C)×××Ö braid

×××Ö
composeCop MapsC (C ′,C)⨉MapsC (C ′′,C ′)×××Ö

composeC
×××Ö

MapsCop (C,C ′′) rename
←ÐÐÐ MapsC (C ′′,C)

where the last arrow is composition in C.

There are many different sorts of well-studied properties and structures which

there are good reasons to demand that a category of discussion have. For instance, in

section 4, we will remark upon the fact that a particular category of interest, namely

ChainZ, has the structure of a 2-category. For this thesis, we only ever need to

demand, in section 5, that a category satisfy the following two properties: that there

exist an “initial object” and that there exist a “terminal object”.

Definition 3.2.12. An initial object in a category C is an object 0C with the property

that there exists a unique morphism 0C → C to each object C in C.
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Definition 3.2.13. A terminal object in a category C is an object 1C with the property

that there exists a unique morphism C → 1C from every object C in C.

3.3. Functors. In the previous section, we introduced a type of object, namely a

category. After introducing a class of structured object, the usual next step is to

introduce structure-preserving maps between them. In the case of categories, there is

one authentic sort of structure preserving map–known as a functor–but also a more

general sort of map which, although it does not preserve as much of the structure, is

still useful to speak of–known as a pseudofunctor.

Definition 3.3.1. A pseudofunctor F ∶ C → D is a function Ob (C)→Ob (D) which

assigns to each object C in C an object FC in D together with for each ordered

pairing C, C ′ a function MapsC (C,C ′) →MapsD (FC,FC ′) which assigns to each

morphism f ∶ C → C ′ a morphism Ff ∶ FC → FC ′.

Definition 3.3.2. A contravariant pseudofunctor F ∶ C → D is a pseudofunctor

F ∶ Cop → D.

Notice that a contravariant pseudofunctor sends diagrams of the form

C
f

ÐÐÐ→ C ′

to diagrams

FC
Ff
←ÐÐÐ FC ′

in the “opposite” direction.

Because of this terminology, we often refer to (non-contravariant) pseudofunctors

C → D as covariant to highlight the fact that they are not contravariant.

Definition 3.3.3. A functor F ∶ C → D is a pseudofunctor which preserves the

structure of composition in the following sense:
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(1) Identity morphisms are preserved. That is, for C an object in C, the functor

F takes the identity morphism idC on C to the identity morphism idFC on

FC. In symbols, F idC = idFC .

(2) Compositions are preserved. That is, where we have the following diagram

C
f

ÐÐÐ→ C ′
f ′

ÐÐÐ→ C ′′

in C, F (f ′f) = Ff ′ Ff .

Again, a contravariant functor F ∶ C → D is just a functor Cop → D.

An accurate intuitive description of a functor F ∶ C → D is obtained by think-

ing about finding a copy of the domain category C inside the codomain category D

where we allow morphisms to be “stretched apart”–i.e. sent to compositions–or to be

“collapsed”–i.e. sent to identity morphisms.

Example 3.3.4. A very simple kind of functor is a forgetful functor from a category

C whose objects are structured-sets to Set which is just given by “forgetting” the

structure. For example, the category Top of topological spaces and continuous maps

is a category of structured sets–a topological space is a set equipped with a topology;

the forgetful functor sends a space to its underlying set and a continuous map to the

underlying set map.

Example 3.3.5. Let D be a subcategory of C. A second simple sort of functor is the

inclusion functor incl ∶ D → C which takes each object D in D to that same object

D = inclD in C and which takes each morphism g ∶D →D′. It is trivial to check that

this satisfies definition 3.3.3.

Example 3.3.6. A much more interesting functor is the singular homology functor

H ∶ Top → R −Mod which assigns to each topological space its homology modules

with coefficients in R. Of course, for the classical case, take R = Z.
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Example 3.3.7. In section 2.3, we associated to every simplicial complex a chain

complex, the oriented chain complex, and to each injective simplicial map a chain map

from the oriented chain complex associated to the domain to that associated to the

codomain. It is easy to check that this association preserves both identity morphisms

and composition. Therefore, we in fact defined a functor Zori
∶ InjSimpComp →

ChainZ known as the oriented complex functor from the subcategory of SimpComp

which includes only injective simplicial maps. Similarly, we defined, also in section

2.3, the ordered complex functor Zori
∶ SimpComp→ChainZ.

Example 3.3.8. In section 2.3 we defined two additional functors: (1) the oriented

homology functor Hori
∶ SimpComp→Ab which assigns to each simplicial complex

its oriented homology abelian groups and (2) the ordered homology functor Hord
∶

SimpComp → Ab which assigns to each simplicial complex its ordered homology

abelian groups.12

All the functors discussed in example 3.3.6 in fact factor as a composition of functors

of the form C → ChainR
H
→R −Mod where C is the domain appropriate for each

functor and R is the ring appropriate for each functor.

Definition 3.3.9. Let F ∶ C → D and G ∶ D → E be pseudofunctors. The composition

pseudofunctor GF ∶ C → E is the functor given on objects by sending C to GFC and

by sending morphisms f ∶ C → C ′ to GFf ∶ GFC → GFC ′. Obviously this defines a

pseudofunctor.

In the case that F and G are functors, this composition defines a functor, the

composition functor C → E .

We now have a class of objects–namely categories–and a definition for structure

preserving maps between them–namely functors–which we can compose. This allows

us to define the following category:

12For both the ordered and oriented homology functors, as is the case with the singular homology
functor, we can with equal ease define the oriented (ordered) homology functor H ∶ SimpComp →
R −Mod.
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Definition 3.3.10. The category of categories and functors,13 denoted by Cat, has

as objects all (small) categories and as morphisms all functors.

Definition 3.3.11. We say that a functor F ∶ C → D is faithful if its maps MapsC (C,C ′)→
MapsD (FC,FC ′) on morphism sets are injective for all ordered pairings C,C ′ of

objects in C. We say that a functor F ∶ C → D is injective on objects if its map

Ob (C) → Ob (D) is injective. A functor which is both faithful and injective on

objects is known as an embedding of C in D.

Definition 3.3.12. We say that a functor F ∶ C → D is full if its maps MapsC (C,C ′)→
MapsD (FC,FC ′) on morphism sets are surjective for all ordered pairs C,C ′ of ob-

jects in C. We say that a functor F ∶ C → D is surjective on objects if its map

Ob (C)→Ob (D) is surjective. A functor which is both full and surjective on objects

is known as an covering of D by C.

Analogously, we say that a subcategory is full just in case the inclusion functor is

full.

The following provides a useful example of these notions of injectivity and surjec-

tivity for functors:

Example 3.3.13. The functor Set→Cat which takes a set S to the discrete category

DS on that set (see the definition at example 3.2.4) is a full embedding. If we restrict

the codomain category to the category DCat of discrete categories, then the functor

is also a covering of DCat by Set.

3.4. Natural Transformations. We have now discussed a class of objects–categories–

and structure-preserving maps between them–functors. Classically, we would be done

at this stage. However, we are not done. We now define natural transformations be-

tween functors. This is where the categorical point of view first shows promise of

allowing us to think of and speak of connections we could not before: maps between

13In order to be careful, we should say the large category of small categories and functors between
them.
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maps (themselves on objects and maps). In fact, or at least as the folk lore tells it,

this is the reason that Eilenberg and MacLane developed category theory.

As was the case with functors, there is one authentic type of structure-preserving

map between functors–namely a natural transformation–but also a more general type

of map of which it is useful to speak–namely an infranatural transformation.

Definition 3.4.1. Let F,G ∶ C → D be two pseudofunctors from C to D. An infranatu-

ral transformation T ∶ F ⇒ G assigns to each object C a D-morphism TC ∶ FC → GD.

We refer to the map TC ∶ FC → GC as the C-component of T.

Definition 3.4.2. Let F,G ∶ C → D be two functors14 from C to D. A natural trans-

formation T ∶ F ⇒ G is an infranatural transformation so that for every morphism

f ∶ C → C ′ the following diagram

FC
TC
ÐÐÐ→ GC

Ff
×××Ö Gf

×××Ö
FC ′

TC′

ÐÐÐ→ GC ′

commutes.

Definition 3.4.3. Let F,G ∶ C → D be two functors from C to D. A natural

isomorphism T ∶ F ⇒ G is an natural transformation so that every component

TC ∶ FC ′ → GC ′ is an isomorphism.

Example 3.4.4. The example of central importance to this thesis is the natural trans-

formation T ∶ Hori
⇒ Hord from the oriented homology functor Hori

∶ SimpComp →

Ab to the ordered homology functor Hord
∶ SimpComp → Ab discussed in section

2.4 and generalized in the sequel.

The natural transformation in the preceeding example is actually obtained as the

push-forward along H, the homology functor, of a natural transformation T ∶ Zord ⇒

14Whereas for infranatural transformations it was sufficient F and G be pseudofunctors, it is neces-
sary for the definition of natural transformations that these maps be functors.
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Zori from the ordered complex functor Zord
∶ SimpComp → ChainZ, formalized at

example 3.3.7, to the oriented complex functor Zori
∶ SimpComp→Ab, also formal-

ized at 3.3.7. In fact we obtain that the natural transformation of example 3.4.4 is a

natural isomorphism via the push-forward along H of an infranatural transformation

T ′ ∶ Zori⇒ Zord from the oriented complex functor to the ordered complex functor.

Definition 3.4.5. Let F,G ∶ C → D be pseudofunctors from C to D. Let T ∶ F ⇒ G be

an infranatural transformation. Let H ∶ D → E be a pseudofunctor. The push-forward

of T along H is the infranatural transformation which arises as the image

HFC
HTC
ÐÐÐ→ HFC

of the diagram

FC
TC
ÐÐÐ→ GC

under the pseudofunctor H.

Definition 3.4.6. Let F,G ∶ C → D be functors from C to D. Let T ∶ F ⇒ G be a

natural transformation. Let H ∶ D → E be a functor. The push-forward of T along H

is the natural transformation which arises as the image

HFC
HTC
ÐÐÐ→ HGC

HFf
×××Ö HGf

×××Ö
HFC ′

HTC′

ÐÐÐ→ HGC ′

of the diagram

FC
TC
ÐÐÐ→ GC

Ff
×××Ö Gf

×××Ö
FC ′

TC′

ÐÐÐ→ GC ′

under the functor H.

Example 3.4.7. Let P be a category which we know “everything” about; we call it

a probe category. Let C be some category which we want to get information about. A
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P-object in C is just a contravariant functor P → C. Then a map from one P-object

F to another G is just a natural transformation T ∶ F ⇒ G.

We would like to be able to compose maps between P-objects in C. To do so, we

must define (vertical) composition of natural transformations:

Definition 3.4.8. Let F,G,H ∶ C → D be functors.15 Let T ′ ∶ F ⇒ G and T ′′ ∶ G⇒H

be natural transformations. We define the composition natural transformation T =

T ′′T ′ ∶ F ⇒ H on coordinates by TC = T ′′CT
′

C . We check that this defines a natural

transformation by “composing commutative diagrams to obtain a new commutative

diagram”.

The following sort of category, which we can define only now that we have intro-

duced all of this language, has an important part to play in this thesis.

Definition 3.4.9. Let C,D be categories. The functor category DC is the category

whose objects are functors and whose morphisms are natural transformations.

3.5. Concluding Remarks. Over the course of section 3, we have introduced the

most fundamental definitions of category theory. Although there certainly are things

in this thesis where categorical language was used although it was not necessary, the

main theorem of the thesis–“the natural isomorphism between oriented and ordered

homology”–as well as many other results, could not be stated in any concise and

comprehensible way without this language. It serves as an invaluable way not only to

organize information but also to abstract away from traditional notions of information

to prove deep theorems.

15We could define as well the (vertical) composition of infranatural transformations between pseud-
ofunctors, but that notion does not play a role in this thesis.

32



4. Some Homological Algebra

4.1. Introduction and Motivation. In section 2.3, we associated to each simplicial

complex two chain complexes: (1) the oriented chain complex (see definition 2.3.5)

and (2) the ordered chain complex (see definition 2.3.13). We also associated to

each simplicial map (between simplicial complexes) a well-behaved oriented chain

map between the associated oriented chain complexes (see definition 2.3.8) and a

well-behaved ordered chain map between the associated ordered chain complexes (see

definition 2.3.16). As we discussed in chapter 3, we defined two functors from the

category of simplicial complexes and maps to the category of chain complexes of

Z-modules: the oriented chain functor and the ordered chain functor.

What we really want to understand, however, is the homology of chain complexes.

Remember that by means of the oriented and ordered chain complexes, we associated

to each simplicial complex two abelian groups: (1) the oriented homology (definition

2.3.7) and (2) the ordered homology (definition 2.3.15). Furthermore, by means of

these maps on chain complexes, we associated to each simplicial map a homomorphism

between the associated oriented homologies (see definition 2.3.11) and a homomor-

phism between the associated ordered homologies (see definition 2.3.19). In fact, we

had in this way defined two functors from the category of simplicial complexes and

simplicial maps to the category of abelian groups: the oriented and ordered homology

functors.

In this section, we develop the machinery which will allow us to understand the rela-

tionship between these functors. We begin by introducing (abstract) chain complexes

of Z-modules. We then proceed to define homology Z-modules for these objects. In

fact, we define the homology functor H ∶ChainZ→ChainZ. Next, we introduce the

notion, central for our purpose of understanding the connection between the oriented

and ordered homology functors, of chain homotopy and we investigate the way chain

homotopy interacts with homology. Finally, we prove the acyclic carrier theorem, a

theorem in which chain homotopy plays a central role.
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4.2. Chain Complexes. We begin by introducing, in an abstract setting for the first

time, chain complexes of Z-modules and chain maps–the category of chain complexes

of Z-modules. We then proceed to introduce two specific types of chain complexes

which we began to discuss in section 2.3 and will continue to discuss throughout the

thesis: (1) chain complexes with non-trivial grading over N, the natural numbers,

and (2) chain complexes with non-trivial grading over N̂, the augmented natural

numbers,16 as well as some technical properties of the relationship between the two

types.

Definition 4.2.1. A chain complex of right Z-modules17 is a sequence C =

(Ci)i∈Z of abelian groups Ci equipped with homomorphisms, known as boundary

maps ∂i = ∂iC ∶ Ci → Ci−1 for all i ∈ Z which satisfy that ∂i−1∂i = 0. We will refer to

such a C exclusively as simply a chain complex.

Definition 4.2.2. A chain complex map, or simply a chain map, φ ∶ C → D is

a sequence of homomorphisms (φi ∶Ci →Di)i∈Z which commute with the boundary

operators in the sense that the diagram

Ci

∂i
C

ÐÐÐ→ Ci−1

×××Öφi

×××Öφi

Di

∂i
C

ÐÐÐ→ Di−1

is commutative (i.e. ∂iDφi = φi−1∂
i
C).

In practice, we will be discussing only two special types of chain complexes: those

chain complexes where all the groups in dimension (strictly) less than 0 vanish, and

those where all the groups in dimension less than −1 vanish. Although both sorts

of complexes are in fact still graded over Z, the non-vanishing groups (i.e. those of

16By the augmented natural numbers, we mean the set, denoted by N̂, defined by N̂ = {−1,0,1,2, . . .}.
17Everything in this section works if we work over an arbitrary ring R rather than Z. The proofs
are done only with this assumption, and, although the symbol is used repeatedly, the more specific
structure of Z is not used.
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interest) are graded over a subset Z. Thus we will speak of those of the first sort as

being N-graded and those of the second sort as being N̂-graded.

Definition 4.2.3. An augmented chain complex is an N̂-graded chain complex C

which satisfies

(1) the lowest-graded not-necessarily-trivial group C−1 is just Z

(2) the boundary map ∂0
C ∶C0 →C−1 is surjective.

This terminology may seem strange at first. One might ask “in what sense does a

chain complex which vanishes in every dimension below −1 augment an arbitrarily-

graded chain complex?” The answer is that it does not augment an arbitrarily-graded

chain complex, but that it does augment an arbitrary chain complex where we are

abusing the word “chain complex” to the class of objects “N-graded chain complex”.

We will be interested especially in augmented chain complexes which arise from N-

graded chain complexes, since these will allow us to define reduced homology.

Definition 4.2.4. An augmentation of chain complex C is an augmented chain com-

plex AC which satisfies:

(1) the ith groups AiC of the augmented complex are the same as the groups Ci

for i ≠ −1

(2) the boundary maps ∂i = ∂iAC ∶ AiC → Ai−1C of the augmented complex are

the same as the boundary maps ∂iC ∶ Ci → Ci−1 of the original complex for

i ≠ 0,−1

We will also refer to AC as a C-augmentation.

In general there are many augmentations for a given chain complex. So in order

to notationally highlight the non-functoriality of “obtaining an augmented complex,”

we will denote the augmentations of two chain complexes C and D by AC and

A ′D respectively–rather than by AC and AD, which might seem to suggest, even

for a moment, that A is a functor. We now introduce the class of maps between

augmentations of chain complexes in which we will be interested.
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Definition 4.2.5. The augmention of a chain map φ ∶C →D (on N-graded)18 C →D

is the sequence φ̂ = (φ̂i)i∈Z where

φ̂i =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

φi ∶Ci →Di if i ≠ −1

idZ ∶ Z→ Z if i = −1

We will also refer to φ̂ as a φ-augmentation.

Definition 4.2.6. An augmentation φ̂ of a chain map φ ∶ C → D is augmentation-

preserving–with respect to the augmentations AC and A ′D of C and D respectively–

if the sequence φ̂ = (φ̂i)i∈Z is a chain map from AC to A ′D–see definition 4.2.2. If

it is really necessary, we might say that φ̂ is (AC,A ′D)-augmentation-preserving.

Note that every (AC,A ′D)-augmentation-preserving φ-augmentation φ̂ ∶ AC →

A ′D is a chain map AC → A ′D. The converse is not true: the “times 2” map

from the (unique) augmentation A0 of the zero chain complex 0 to itself is a chain

map, obviously, but certainly does not arise as a 0-augmentation since it is not given

by the identity in dimension −1. In other words, the subcategory of chain complex

augmentations and chain map augmentations is not full in the category of chain

complexes, defined below:

Definition 4.2.7. The Z-module chain complex category, denoted by ChainZ, has

as objects chain complexes of Z-modules and as morphisms chain maps. The Z-

module N-graded chain complex category, denoted by NChainZ, has as objects N-

graded chain complexes of Z-modules and as morphisms chain maps. The category of

augmentations of N-graded chain complexes, denoted by ANChainZ, has as objects

augmentations of N-graded chain complexes and augmentation-preserving augmented

chain maps.

The last two categories defined in definition 4.2.7 are both subcategories of ChainZ.

Observe that NChainZ is a full subcategory of ChainZ since every map in ChainZ
18This clause is parentheticalized because–as we mentioned directly after definition 4.2.3–we will
refer to N-graded chain complexes simply as “chain complexes”. This will not be pointed out again.
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between two N-graded chain complexes is a chain map, as is every map NChainZ. As

mentioned in the comments above definition 4.2.7, ANChainZ is not a full subcat-

egory of ChainZ since we require that morphisms in ANChainZ not only be chain

maps but that they be, in addition, augmentation-preserving (and we gave explicitly

an–albeit trivial–example of a chain map which is not augentation-preserving. Fur-

thermore, there is a straightforward functor A −1
∶ ANChainZ → NChainZ given

on objects by AC ↦ C and on morphisms by φ̂ ↦ φ; this functor just “forgets” the

augmentation. In fact, this functor is fully faithful. In the coming section 4.3, we will

discuss reduced homology by means of this functor.

4.3. Homology of Chain Complexes. In this section, we will define the homology

functor which associates to a chain complex C an abelian group known as its homology

and to maps between chain complexes maps between the associated homology groups.

Further, this allows the definition, via an (arbitrary) augmentation AC, of a second

abelian group known as its reduced homology. These objects and morphisms are

nice for a variety of reasons. For purely algebraic reasons, they are much simpler

than the chain complexes and chain maps to which they are associated. Moreover, in

practice, a chain complex is functorially associated to a some object C ∈Ob (C) and

a chain map to some map f ∈MapsC; it turns out that passing from associated chain

complexes to associated homology often amounts to quotienting out by incidental

information. For instance, two different triangulations of a topological space yield

two distinct chain complexes both of which have the same homology group; in this

case, the incidental information was comprised of the details of the triangulations.

Definition 4.3.1. The homology of a chain complex C is the sequence HC =

(HiC = ker∂i/im∂i+1)i∈Z of quotients of the kernels of the nth boundary maps by

the images of the (n+1)st boundary maps. This quotient makes sense because of the
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condition on the boundary that ∂i∂i+1 = 0. Equivalently,19 we refer, by the homology

of C, to the Z-graded ordered sum HC = ⊕
n∈Z

HnC.

Definition 4.3.2. The reduced homology, if it exists,20 of a chain complex C, denoted

by H̃C, is just the (standard) homology of an augmentation AC of the original chain

complex. In symbols H̃C = HAC. As before, we refer, by reduced homology of C,

to the Z-graded ordered sum HC = ⊕
n∈Z

H̃C = ⊕
n∈Z

HnAC.

A priori, reduced homology is not a well-defined object for a fixed chain complex

since it is contingent on a choice of augmentation. We obtain that it is, however, well

defined as an immediate consequence of the following:

Observation 4.3.3. Let C be a chain complex. Suppose AC is an augmentation of

C. Then HiC =HiAC for i ≠ 0 and

H0C ≅H0AC ⊕Z

Proof. First note that the identity HiC = HiAC for i ≠ 0,−1 is an immediate con-

sequence of the equalities ∂iC = ∂
i
AC and Ci = AiC for i ≠ 0,−1 from the definition

of an augmentation. To see that H̃
−1C = H

−1C, simply observe that, since ∂0
AC is

surjective, H
−1AC is trivial, as is H

−1C.

For i = 0, we will construct a short exact sequence

0→H0AC
f
→H0C

g
→Z→ 0

of Z-modules which will split because Z is (obviously) a projective Z-module.

19Here is the nature of this equivalence: First note that it is possible to construct the sequence
from the sum and the sum from the sequence. A map h∗ ∶ N∗ → M∗–from one Z-graded sequence
N∗ = (Nn)n∈Z of Z-modules to another M∗ = (Mn)n∈Z–is a Z-graded sequence (hn ∶ Nn →Mn)n∈Z of
maps from the nth level module Nn of the first sequence to the nth level module Mn of the second
sequence. We identify the first sequence N∗ with the ordered sum ⊕

n∈Z
Nn and the second sequence

M∗ with the ordered sum ⊕
n∈Z

Mn, and we allow exactly those maps on the level of ordered sums

which occur on the level of sequences. Thus the map of ordered sums corresponding to h∗ is the
ordered sum h = ⊕

n∈Z
hn described by h ⊕

n∈Z
nn = ⊕

n∈Z
hnnn.

20It is clear that reduced homology is not defined for the zero chain complex since it would involve
a surjection 0→ Z.
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To construct this sequence, we chase arrows in the following diagram

0
×××Ö

0 ÐÐÐ→ im∂1
AC

incl
ÐÐÐ→ ker∂0

AC

q
ÐÐÐ→ H0AC ÐÐÐ→ 0

∥ ×××Öincl

0 ÐÐÐ→ im∂1
C

incl
ÐÐÐ→ ker∂0

C

q
ÐÐÐ→ H0C ÐÐÐ→ 0

×××Ö
∂0

AC

Z
×××Ö
0

where the column and both rows are short exact sequences. The two rows are exact

just by the definition of homology, and the column is exact because A0C = ker∂0
C and

∂0
AC is surjective by the definition of an augmentation. We construct our short exact

sequence in the third column to the right.

We first define g ∶ H0C → Z. Let [C] ∈ H0C. Then there is some C ∈ ker∂0
C

such that qC = [C] since q surjective–moreover, q (C + B) = [C] for any B ∈ im∂1
C .

In fact q−1 [C] = {C + B∣B ∈ im∂1
C}. So define g at [C] to be g [C] = ∂0

ACC. This is

well-defined. For suppose [C ′] = [C]. Then C ′ = C + B for some B ∈ im∂1
C . Then

∂0
AC (C + B) = ∂0

ACC + ∂0
ACB = ∂0

ACC as required since B ∈ im∂1
C = im∂1

AC ⊂ ker∂0
AC .

Observe that g is surjective since ∂0
AC is surjective.

We now define f ∶ H0AC → H0C. Let [C]im∂1
AC
∈ ker∂0

AC . Then qC = [C]im∂1
AC

.

Now ker∂0
AC ⊂ ker∂0

C , so C ∈ ker∂0
C . Define g at [C]im∂1

AC
to be g [C]im∂1

AC
= [C]im∂1

C
.

This is well-defined because [C]im∂1
AC
= [C ′]im∂1

AC
just in case C ′ = C + B for some

B ∈ im∂1
AC = im∂1

C which is exactly the condition under which [C]im∂1
C
= [C ′]im∂1

C
.

Observe that f is injective since incl ∶ ker∂0
AC → ker∂0

C is injective.

At last observe that imf = kerg. For suppose [C] ∈H0C is in imf . Then C ∈ ker∂0
AC ,

so g [C] = ∂0
ACC = 0; i.e. [C] ∈ kerg. Conversely, suppose that [C] ∈ kerg. Then

∂0
ACC = 0; i.e. C ∈ ker∂0

AC . So f [C] = [C]; thus [C] ∈ imf .
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So we have constructed the short exact sequence

0→H0AC
f
→H0C

g
→Z→ 0

as we had desired. So we are done: the sequence splits since Z is a projective Z-

module. That is H0C ≅H0AC⊕Z, which is what we have been trying to prove. �

Construction 4.3.4. Given a chain map φ ∶ C →D from C to D, we would like to

induce, “in a functorial fashion”, a map on the level of associated homology groups

Hφ ∶HC →HD.

Suppose [C]im∂n+1
C
∈HnC, i.e. that C ∈ ker∂nC . We would like to write Hnφ [C]im∂n+1

C
=

[D]im∂n+1
C
∈ HnD, i.e. where D ∈ ker∂nD . We have only one symbol to work with,

namely φ, to induce this map. This suggests defining D = φC, i.e. defining Hnφ [C]im∂n+1
C
=

[φC]im∂n+1
C

.

But we need to prove that this defines a map of Z-modules. So let [C ′]im∂n+1
C
∈

HnC such that [C ′]im∂n+1
C
= [C]im∂n+1

C
. We prove that Hnφ [C ′]im∂n+1

C
= Hnφ [C]im∂n+1

C
.

Observe that since the two equivalence classes are equal, we must have C ′ = C + B

where B ∈ im∂n+1C . Thus Hnφ [C ′]im∂n+1
C
= Hnφ [C + B]im∂n+1

C
. So, by the definition

of this map, we get Hnφ [C ′]im∂n+1
C
= [φnC]im∂n+1

D
+ [φnB]im∂n+1

D
. But since the face

maps commute with chain map components, we have that φnim∂n+1C ⊂ im∂n+1D . In

particular, φnB ∈ im∂n+1D , so [φnB]im∂n+1
D
= 0. Thus we have obtained that

Hnφ [C ′]im∂n+1
C
= [φnC]im∂n+1

D
=Hnφ [C]im∂n+1

C

as we needed to show that the map is well-defined. That it is a module map follows

directly from the fact that φn is a Z-module map.

In summary, we constructed from φ ∶ C → D the map Hφ ∶ HC → HD given on

the (n ∈ Z)th coordinate by

Hnφ [C]im∂n+1
C
= [φC]im∂n+1

C
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Definition 4.3.5. The φ-induced map on homology, where φ ∶ C → D, is the map

Hφ ∶HC →HD described in construction 4.3.4 above.

Observation 4.3.6. Homology is a functor H ∶ChainZ→Ab.

Proof. So far, we have only defined a “pseudofunctor” H ∶ChainZ→Ab21; in other

words, we have verified that the diagram

C
φ
→D

is sent to the diagram

HC
Hφ
→ HD

To prove the result, we need to show that the pseudofunctor preserve identity mor-

phisms and compositions.

First we consider the identity map idC ∶ C → C of an arbitrary chain complex C

under the functor H and show that HidC = idHC . In fact, this is immediate: For

suppose [C] ∈HC; then by definition

HidC [C] = [idC] = [C] = idHC [C]

Therefore HidC = idHC as required; in other words, homology preserves identity

morphisms.

We want to show that the functor H preserves compositions. In other words, we

want to show that a diagram in ChainZ of the form

C
φ

ÐÐÐ→ D
ψ
ÐÐÐ→ E

∥ ∥
C ÐÐÐ→ ψφ ÐÐÐ→ E

21The skeptical reader will have noticed that we have actually defined a pseudofunctor which has
as its codomain the category whose objects are Z-graded ordered sums of Z-modules and whose
morphisms are grade-preserving maps of Z-modules. Luckily for the poor author–as a consequence
of the facts (1) that every Z-graded ordered sum of Z-modules is a Z-module and (2) that every
grade-preserving map of Z-modules is a map of Z-modules–there is a straightforward embedding of
this category into Ab and we are secretly following the homology functor by this embedding.
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is taken by the functor H to the diagram in Ab

HC
Hφ
ÐÐÐ→ HD

Hψ
ÐÐÐ→ HE

∥ ∥
HC ÐÐÐ→ Hψφ ÐÐÐ→ HE

More concisely, we want to show that Hψφ = HψHφ. But this is as immediate as

before: For suppose [C] ∈HC. By simply computing, we find that

Hψφ [C] = [ψφC] =Hψ [φC] =HψHφ [C]

Therefore Hψφ = HψHφ as required; in other words, homology preserves composi-

tion.

We have proven that H ∶ChainZ→Ab is a pseudofunctor which preserves identity

morphisms and compositions; that, in other words, H is a functor as claimed. �

As mentioned when we introduced it in definition 4.3.2, reduced homology is not

a functor from the category NChainZ. However it is a functor from a subcategory,

namely the image–which we denote by Z −A −1AChainN–of the deaugment functor

A −1
∶ ANChainZ→ NChainZ

introduced at the very end of section 4.2, given on objects A ′C by A −1A ′C = C

where A ′C is an augmentation of C and on morphisms φ̂ by A −1φ̂ . In fact, this is

the largest subcategory on which reduced homology can be defined: the definition of

the reduced homology of a chain complex involves passing to an augmentation of the

chain complex, and this category is made up exactly those N-graded chain complexes

for which an augmentation exists.

Before we can prove that reduced homology is a functor on this category, we must

finish defining it. We still need to define it on chain maps.

Construction 4.3.7. Given a chain map φ ∶C →D, in Z−A −1AChainN, we again

want to, in a functorial way, induce a map of associated reduced homology groups
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H̃φ ∶ H̃C → H̃D. Luckily, the work is almost done already. In dimensions i ≠ 0, we

have that H̃iC =HiC and H̃iD =HiD, so we define H̃iφ =Hiφ.

For the remaining case, we will make use of the map H0φ. But first, let us fix, once

and for all, for each chain complex C, an isomorphism IC ∶H0C → H̃0C ⊕Z. This is

possible since by observation 4.3.3, such an isomorphism exists. With that done, we

proceed to define H̃0φ to be the composition

H̃0C
incl1
→ H̃0C ⊕Z

I−1C
→H0C

H0φ
→ H0D

ID
→ H̃0D ⊕Z

proj1
→ H̃0D

So, to summarize, we have associated to given a chain map φ ∶ C → D a map on

the associated reduced homology H̃φ ∶ H̃C → H̃D.

Definition 4.3.8. The φ-induced map on reduced homology, where φ ∶ C → D is

a chain map in Z − A −1AChainN, is the map H̃φ ∶ H̃C → H̃D given above in

construction 4.3.7.

We now obtain, as a corollary to our observation 4.3.6 that homology is a functor,

the following:

Corollary 4.3.9. Reduced homology H̃ ∶ Z −A −1AChainN
→Ab is a functor.

Proof. Clearly, reduced homology as we have defined it is a pseudofunctor Z−A −1AChainN
→

Ab. Again, we need to show that it preserves identity morphisms and compositions.

Since the map H̃i is equal to Hi on levels i ≠ 0, we only need to check that the com-

ponent functor H̃0 preserves identity morphisms and compositions, since we already

know that Hi does for all i ∈ Z by observation 4.3.6.

Suppose that C is a chain complex in Z−A −1AChainN. We need to prove that H̃0

preserves the identity morphism idC . That is, we need to show that H̃0idC = idH̃0C
.

Recall that we defined H̃0idC to be the composition

H̃0C
incl1
→ H̃0C ⊕Z

I−1C
→H0C

H0idC
→ H0C

IC
→ H̃0C ⊕Z

proj1
→ H̃0C
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But the middle mapping H0idC is the identity mapping, since homology is a functor,

the composition I−1C IC is the identity mapping, and the composition incl1proj1 is

the identity mapping. Therefore H̃0idC = idH̃C as required. So reduced homology

preserves identity morphisms.

Now suppose that

C
φ
→D

ψ
→E

is a diagram in Z − A −1AChainN We show that H̃0ψφ = H̃0ψH̃0φ. To see this,

observe that H̃0ψH̃0φ is defined to be the composition

H̃0C H̃0D H̃0D H̃0E

incl1
×××Ö proj1

Õ×××
×××Öincl1

Õ×××proj1

H̃0C ⊕Z H̃0D ⊕Z H̃0D ⊕Z H̃0E ⊕Z

I−1C

×××Ö
ID
Õ××× I−1D

×××Ö
IE
Õ×××

H0C
Hφ
ÐÐÐ→ H0D H0D

Hψ
ÐÐÐ→ H0E

the middle snaking portion is just the identity map on H0D. Thus H̃0ψH̃0φ is given

by the more concise composition

H̃0C
incl1
→ H̃0C⊕Z

I−1C
→H0C

H0φ
→ H0D

H0ψ
→ H0E

IE
→ H̃0E ⊕Z→ H̃0E

But homology is a functor, so it’s 0th component preserves compositions; in particular

H0ψH0φ =H0ψφ. Thus we can rewrite H̃0ψH̃0φ one last time as

H̃0C
incl1
→ H̃0C⊕Z

I−1C
→H0C

H0ψφ
→ H0E

IE
→ H̃0E ⊕Z→ H̃0E

which is the definition of H̃0ψφ. Therefore H̃0ψH̃0φ = H̃0ψφ as required; in other

words, reduced homology preserves compositions.

So we have shown that reduced homology is a pseudofunctor H̃ ∶ Z−A −1AChainN
→

Ab which preserves identity morphisms and compositions; in other words, reduced

homology is a functor. �
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So we have defined two functors: (standard) and reduced homology. These functors

play an essential role throughout the thesis. In section 4.5, we will combine the notions

of chain homotopy–which we address in the coming section 4.4–with the notions of

homology and obtain a deep algebraic result which is fundamental to homological

algebra: the acyclic carrier theorem.

4.4. Chain Homotopy. In order to prove the acyclic carrier theorem, in fact to

have much of an idea of the meaning of its statement, we must discuss at some

length the notion of homotopy in the category ChainZ of chain complexes and maps.

Historically, these notions arose from investigations into the relationship of algebraic

invariants to topological homotopy. Since that time however, homotopical algebra,

to which it is fair to see the notions of chain homotopy as fundamental examples, has

seen dramatic growth.

Definition 4.4.1. A chain homotopy H ∶ φ ⇒ ψ between two chain maps φ,ψ ∶

C → D is a sequence (Hn ∶Cn →Dn+1)n∈Z so that for every n ∈ Z we have ∂n+1D Hn +

Hn−1∂nC = φ − ψ. If there is a chain homotopy between two chain maps, we say that

those maps are chain homotopic.

Aside 4.4.2. It is possible to define a “2-category” whose objects are chain complexes,

whose morphisms are chain maps, and whose “2-morphisms” are chain homotopies

between chain maps which satisfies “the usual axioms”. If we choose two objects

C and D in ChainZ, then the collection MapsChainZ (C,D) is straightforwardly a

category whose objects are chain maps φ ∶ C → D and whose morphisms are chain

homotopies H ∶ φ ⇒ ψ between these chain maps. Further, these categories cohere

nicely. The following observation clarifies and justifies this point of view.

Observation 4.4.3. Chain homotopy is an equivalence relation on the collection

Maps (C,D) of chain maps from C to D. Furthermore, this equivalence relation is

respected by composition.

45



Proof. We first check that chain homotopy is an equivalence relation. To show that

it is reflexive, we need for each φ ∈ Maps (C,D) that there is a chain homotopy

H ∶ φ ⇒ φ. That is, we need a sequence of maps (Hn)n∈Z so that for each n ∈ Z we

have φn − φn = dD
n+1Hn +Hn−1d

C
n . But since φn − φn is the zero map, we just need to

define H so that dD
n+1Hn +Hn−1d

C
n is the zero map; but this is easy: define H to be

zero at every level.

To show that it is symmetric, we need that, for φ,ψ ∶ φ ∶ C → D, if there exists

H ∶ φ ⇒ ψ a chain homotopy from φ to ψ, then there exists a chain homotopy

H ′ ∶ ψ⇒ φ. But suppose that H = (Hn)n∈Z is a chain homotopy from φ to ψ. The for

each n ∈ Z we have that φn−ψn = dD
n+1Hn+Hn−1d

C
n . So if we just “multiply both sides

by negative one”, we should be done. We get ψn−φn = −d
D
n+1Hn−Hn−1d

D
n . But since all

of these are homomorphisms, we can write this as ψn −φn = dD
n+1 (−Hn)+ (−Hn−1)dD

n .

Since this holds for each n ∈ Z, we have that H ′ = (−Hn)n∈Z is a chain homotopy from

ψ to φ.

To show that it is transitive, let φ,ψ, θ ∶ C → D be chain maps. Suppose that φ

and ψ are chain homotopic by H ∶ C ⇒ D and that ψ and θ are chain homotopic

by H ′ ∶ ψ ⇒ θ. The for each n ∈ Z we have that φn − ψn = dD
n+1Hn +Hn−1d

C
n+1 and

that ψn − θn = dD
n+1H

′

n +H
′

n−1d
C
n . By simply adding these two equations, we get that

φn − θn = φn − ψn + ψn − θn = dD
n+1Hn +Hn−1d

C
n+1 + dD

n+1H
′

n +H
′

n−1d
C
n . Now we simply

factor the dD
n+1 and dC

n maps and obtain φn − θn = dD
n+1 (Hn +H ′n)+ (Hn−1 +H ′n−1)dC

n .

Thus φ is chain homotopic to θ by H ′′ = (Hn +H ′n)n∈Z as required.

So we have proven that “is chain homotopic to” is an equivalence relation on the

collection Maps (C,D). We have still to prove that this equivalence relation is

respected by composition: that if φ,ψ ∶ C →D are chain homotopic chain maps and

φ′, ψ′ ∶ D → E are chain homotopic chain maps, then φ′φ,ψ′ψ ∶ C → E are chain

homotopic.

Let H ∶ φ ⇒ ψ be a chain homotopy and let H ′ ∶ φ′ ⇒ ψ′ be a chain homotopy.

Then for all n ∈ Z we have that φn − ψn = dD
n+1Hn + Hn−1d

C
n and that φ′n − ψ

′

n =
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dE
n+1H

′

n +H
′

n−1d
D
n . We want to write φ′nφn − ψ

′

nψn = dE
n+1H

′′

n +H
′′

ndC
n for some chain

homotopy H ′′ ∶ φ′φ ⇒ ψ′ψ. To do this, we use the standard trick of adding and

subtracting something “closer” to each of the other two terms and then regrouping

as follows:

φ′nφn − ψ
′

nψn = φ
′

nφn − φ
′

nψ + φ
′

nψ − ψ
′

nψn

= φ′n (φn − ψ) + (φ′n − ψ′n)ψn

We now use the the chain homotopies H ∶ φ⇒ ψ, H ′ ∶ φ′⇒ ψ′.

= φ′n (dD
n+1Hn +Hn−1d

C
n ) + (dE

n+1H
′

n +H
′

n−1d
D
n )ψn

= φ′nd
D
n+1Hn + φ

′

nHn−1d
C
n + dE

n+1H
′

nψn +H
′

n−1d
D
n ψn

Finally, we use that the chain maps φ′ and ψ commute with the boundary maps.

= dE
n+1φ

′

n+1Hn + φ
′

nHn−1d
C
n + dE

n+1H
′

nψn +H
′

n−1ψn−1d
C
n

So we can now factor the boundary maps out and obtain a formula for the chain

homotopy H ′′ ∶ φ′φ⇒ ψ′ψ.

= dE
n+1 (φ′n+1Hn +H

′

nψn) + (φ′nHn−1 +H
′

n−1ψn−1)dC
n

Thus we define H ′′n = φ
′

n+1Hn+H ′nψn for all n ∈ Z giving us the desired chain homotopy

H ′′ ∶ φ′φ⇒ ψ′ψ. �

Aside 4.4.4. For the purposes of seeing that ChainZ is a 2-category, this observa-

tion says that there is a well-defined notion of composition of 2-morphisms (that

which appears in the proof of transitivity), there are identity 2-morphisms (namely

the zero homotopies used to show reflexivity), and that the 2-categorical structure

is coherent in the sense that there is well-defined notion of “horizontal composition”

of 2-morphisms which appears in the proof that chain map composition respects the

equivalence relation. This observation shows, moreover, that each of these categories
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MapsChainZ (C,D) is a groupoid–that is every morphism H ∶ φ ⇒ ψ is an isomor-

phism.

The following is the main reason, from a purely algebraic point of view, that we

are interested in chain homotopies:

Proposition 4.4.5. Let C and D be chain complexes, and let φ,ψ ∶C →D be chain

maps. If φ and ψ are chain homotopic, then Hφ =Hψ.

Proof. Suppose H ∶ φ ⇒ ψ is a chain homotopy from φ to ψ. We want to show that

Hnφ = Hnψ for every n ∈ Z. So let [C]im∂n+1
C
∈ HnC be a typical homology class.

We compute Hnφ ([C]im∂n+1
C
)−Hnψ ([C]im∂n+1

C
). From the definition of the functor on

maps

Hnφ ([C]im∂n+1
C
) −Hnψ ([C]im∂n+1

C
) = [φnC]im∂n+1

D
− [ψnC]im∂n+1

D

But the quotient map ker∂nD →HnD is linear, so this is equal to

[φnC − ψnC]im∂n+1
D
= [(φn − ψn)C]im∂n+1

D

We now use the hypothesis that φn − ψn = Hn−1∂nC + ∂
n+1
D Hn which allows us rewrite

the previous quantity as

[(Hn−1∂
n
C + ∂

n+1
D Hn)C]

im∂n+1
D

= [Hn−1∂
n
CC]

im∂n+1
D

+ [∂n+1D HnC]
im∂n+1

D

But the first summand is zero because C ∈ ker∂nC so that ∂nCC = 0, and the second

summand is zero because ∂n+1D HnC ∈ im∂n+1D . This proves that Hnφ ([C]im∂n+1
C
) −

Hnψ ([C]im∂n+1
C
) = 0 for every C ∈ HnC. Therefore Hnφ = Hnψ for every n ∈ Z as

required. �

Aside 4.4.6. We can continue along the lines of our previous comments 4.4.2 and

4.4.4 in the language of 2-categories, and state proposition 4.4.5 in this way. We

can think of Ab as a 2-category by regarding the collection MapsAb (HC,HD)

48



as a discrete category22. Then proposition 4.4.5 says that homology is a 2-functor

from the 2-category of chain complexes to the 2 category of abelian groups; and that

furthermore, on MapsChainZ (C,D), it is given by collapsing connected components

to a single point and all morphisms within that connected component to the identity

map.

Definition 4.4.7. A chain equivalence is a chain map φ ∶ C → D for which there

exists a chain homotopy inverse ψ ∶D →C so that ψφ is chain homotopic to idC and

that φψ is chain homotopic to idD . In this case, we say that the two chains are chain

homotopic.

Aside 4.4.8. Thinking of ChainZ as a 2-category, we can see how analogous the

definition of chain homotopy inverse is to the definition of (topological) homotopy

inverse. A chain homotopy inverse for a chain map φ ∶ C → D is a chain map

ψ ∶ D → C so that (1) the composition ψφ is in the same connected component of

the category MapsChainZ (C,C) as the identity map idC and that (2) the analogous

statement holds for the other composition φψ. Analogously, a homotopy inverse for

a map of topological spaces f ∶ X → Y is a map in the other direction g ∶ Y → X

so that the composition gf is in the same connected component of the category

MapsTop (X,X) as the identity map and that the analogous statement holds for

the other composition. Secretly here we are regarding Top as a 2-category whose 2-

morphisms are homotopies between continuous maps. In fact, these two 2-categories

are deeply interrelated.

The following fact is particularly important for this thesis, and is an immediate

corollary of proposition 4.4.5:

Proposition 4.4.9. Suppose φ ∶C →D is a chain equivalence with chain homotopy

inverse ψ ∶D →C. Then Hφ is an isomorphism with inverse Hψ.

22A discrete category is one whose only morphisms are the identity morphisms. Every set is canoni-
cally associated to a discrete category and vice versa. In fact, the category of all discrete categories
(and functors between them) is isomorphic to the category of sets (and functions between them) in
an obvious way.
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Proof. Suppose φ and ψ are chain homotopy inverses. From proposition 4.4.5, we have

that Hψφ =HidC . But, as we saw in observation 4.3.6, homology is a functor; so the

left hand side is equal to HψHφ, and the right hand side is equal to idHC . Therefore

HψHφ = idHC . Symmetrically, HφHψ = idHD . Thus Hφ is an isomorphism with

inverse Hψ as claimed. �

Proposition 4.4.10. Let C and D be chain complexes, and let φ,ψ ∶ C → D be

chain maps from C to D. Let AC and A ′D be augmentations of the respective chain

complexes. Suppose φ, ψ are chain homotopic. Then the augmented map φ̂ obtained

from φ is augmentation-preserving (with respect to the augmentations mentioned) if

and only if the augmented map ψ̂ obtained from ψ is. Furthermore if H ∶ φ ⇒ ψ is a

chain homotopy between φ and ψ, then the “augmentation” Ĥ (defined in dimension

−1 to be the zero map) is a chain homotopy between the augmented maps.

Proof. Let H ∶ φ⇒ ψ be a chain homotopy from φ to ψ. Then for each n ∈ Z we have

that φn − ψn = ∂n+1D Hn +Hn−1∂nC . Of interest to us is that the equality

φ0 − ψ0 = ∂
1
DH0 + ∂

0
CH−1 = ∂

1
DH0

holds. But φ̂i = φi and ψ̂i = ψi for i ≠ −1, and ∂iA ′D = ∂
i
D for i ≠ 0; so this says that

φ̂0 − ψ̂0 = ∂
1
A ′DH0

This yields that

∂0
A ′Dφ̂0 = ∂

0
A ′D (ψ̂0 + ∂

1
A ′DH0) = ∂0

A ′Dψ̂0 + ∂
0
A ′D∂

1
A ′DH0 = ∂

0
A ′Dψ̂0

And more trivially observe that φ̂
−1∂

0
AC = idZ∂0

AC = ψ̂−1∂
0
AC .
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Now suppose that φ̂ is augmentation-preserving. Then the diagram

A−1C Z
φ̂
−1=idZ
ÐÐÐÐ→ Z A ′

−1D

∂0
AC

Õ×××
∂0

A ′D

Õ×××
A0C C0

φ̂0=φ0
ÐÐÐ→ D0 A ′

0D

commutes; i.e. φ−1∂0
AC = ∂

0
A ′Dφ0. So from the above considerations,

ψ−1∂
0
AC = φ−1∂

0
AC = ∂

0
A ′Dφ0 = ∂

0
A ′Dψ0

Therefore ψ is augmentation-preserving as claimed. Clearly this argument is com-

pletely symmetric.

Define Ĥ by

Ĥi =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Hi if i ≠ −1,−2

0 if i = 1,2

We claim that this is a chain homotopy Ĥ ∶ φ̂ ⇒ ψ̂ from φ̂ to ψ̂ . We need to prove

that for all n ∈ Z we have φ̂n − ψ̂n = ∂
n+1
A ′DĤn + Ĥn−1∂

n
AC . We get this for free for

n ≠ −2,−1,0 since away from these values φ̂n = φ, ψ̂n = ψ, ∂n+1A ′D = ∂
n+1
D , Ĥn = Hn,

Ĥn−1 = Hn−1, and ∂nAC = ∂
n
C and since H ∶ φ ⇒ ψ is a chain homotopy, yielding that

φn − ψn = ∂n+1D Hn +Hn−1∂nC which after the substitutions is exactly what we wanted.

Consider the case n = −2: we want that φ̂
−2 − ψ̂−2 = Ĥ−3∂

−2
AC + ∂

−1
A ′DĤ−2; but this

is immediate since every map here is zero. Consider now the case where n = −1:

we we want that φ̂
−1 − ψ̂−1 = Ĥ−2∂

−1
AC + ∂

0
A ′DĤ−1; the left hand side is clearly zero

since φ̂
−1 = idZ = ψ̂−1 as is the right hand side since both ∂−1AC and Ĥ

−1 are zero

making both summands vanish. At last consider the case where n = 0: we want that

φ̂0− ψ̂0 = Ĥ−1∂
0
AC +∂

1
A ′DĤ0; but the left summand on the right hand side is zero since

∂0
A0C
= 0 and what remains is simply a rewriting of φ0 − ψ0 = ∂1

DH0 which we have

since H ∶ φ⇒ ψ is a chain homotopy and ∂0
C = 0. �

Proposition 4.4.11. Let C, D be chain complexes and let φ ∶C →D and C ←D ∶ ψ

be chain homotopy inverses. Let AC and A ′D be augmentations of these two chain
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complexes. Then φ̂ is augmentation-preserving (with respect to these augmentations)

if and only if ψ̂ is. In this case, the augmentations φ̂ ∶ AC → A ′D and AC ← A ′D ∶

ψ̂ are chain homotopy inverses. Consequently these maps induce inverse isomorphism

on the reduced homology groups of C and D.

Proof. Notice that given the symmetry of the situation, it will be enough to prove

that ψ is augmentation-preserving if φ is. To prove this, suppose φ̂ is augmentation-

preserving. Then φ̂
−1∂

0
AC = ∂

0
ADφ̂0.

But we have that φ0ψ0 − idD0 = ∂
1
DH

′

0 by the definition of the chain homotopy H ′;

we rewrite this in terms of the augmented complex A ′D as

φ̂0ψ̂0 − idA ′

0D
= ∂1

A ′DĤ
′

0

Composing by the boundary map, we obtain

∂0
A ′D (φ̂0ψ̂0 − idA ′

0D
) = ∂0

A ′D∂
1
A ′DĤ

′

0

Thus ∂0
A ′Dφ̂0ψ̂0 − ∂

0
A ′D idA ′

0D
= 0–that is ∂0

A ′Dφ̂0ψ̂0 = ∂
0
A ′D idA ′

0D
. Thus, applying the

fact that φ̂ is augmentation-preserving, we have φ̂
−1∂

0
ACψ̂0 = ∂

0
A ′D idA ′

0D
. So ∂0

ACψ̂0 =

∂0
A ′D since φ̂

−1 and idA ′

0D
are identity maps. Therefore we obtain ∂0

ACψ̂0 = ψ̂−1∂
0
A ′D

since ψ̂
−1 = idZ. So ψ̂ is augmentation-preserving as required.

Now observe that clearly îdC = idAC is augmentation preserving. So we can apply

the previous observation and obtain that Ĥ ∶ ψ̂φ = ψ̂φ̂ ⇒ idAC = îdC is a chain

homotopy. Similarly we find that Ĥ ′ ∶ φ̂ψ̂ ⇒ idA ′D is a chain homotopy. So φ̂ and

ψ̂ are chain homotopy inverses as required. Therefore, by observation 4.3.3, we find

that

HAC
ψ
⇄
φ

HA ′D

is a diagram of isomorphisms. �
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4.5. The Acyclic Carrier Theorem. Before proving the acyclic carrier theorem,

we must introduce the idea of an acyclic carrier which is the core of the theorem. In

order to do that, we have to introduce the following pieces of terminology:

Definition 4.5.1. A subcomplex D of a chain complex C is a sequence D = (Dn ≤Cn)n∈Z
of subgroups from the corresponding level of C equipped with the boundary operator

∂D which is given by restriction ∂nD = ∂
n
C ∣Dn to the appropriate subgroup. We denote

the family of all subchains of a chain complex C by SC.

Definition 4.5.2. A basis for a chain complex C = (Cn)n∈Z is a graded set B = (Bn)n∈Z
where Bn = {σαn}α∈Jα

is a basis for Cn as a module.

Definition 4.5.3. An acyclic carrier from a free augmented chain complex C with

basis B to an arbitrary augmented chain complex D is a set map Φ ∶ B → SD which

satisfies the following:

(1) for every basis element σ ∈ B, Φ [σ] is acyclic

(2) ∂0
Φ[σ] ∶ Φ0 [σ] → Φ−1 [σ] = Z is surjective (if σ is a basis element in dimension

greater than −1) and furthermore the diagram

A ′

0D
∂0

A ′D

ÐÐÐ→ A−1D
Õ×××incl

Õ×××incl

Φ0 [σ]
∂0
Φ[σ]
ÐÐÐ→ Φ−1 [σ]

commutes and the right vertical inclusion arrow is the identity.

(3) Where ∂nCσ
β
n = ∑α∈Jn−1

cαn−1σ
α
n−1; if the weight cαn−1 on the αth basis element

σαn−1 of Dn−1 in the expansion of ∂nCσ
β
n with respect to the basis Bn−1 is non-

zero, then Φ [σαn−1] is a subchain complex of Φ [σβn]
We say that a group map f ∶Cn →Dm from the nth level Cn of C to the mth level

Dm of D is carried by Φ just in case f takes every basis element σαn ∈ Bn into the mth

level Φm [σαn] of the subchain Φ [σαn] assigned to σαn by the acyclic carrier Φ–i.e. just

in case f (σαn) ∈ Φm [σαn] for every basis element.
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More specifically, we say that a chain map φ is carried by Φ just in case every

φn ∶Cn →Dn is carried by Φ. That is, we say that a chain map φ ∶C →D is carried

by Φ if φn takes every basis element σαn to the nth level Φn [σαn] of the subchain Φ [σαn]
assigned to σαn by the acyclic carrier Φ–i.e. if φn (σαn) ∈ Φn [σαn] for every basis element

σαn ∈ Bn.

Similarly, we say that a chain homotopy H = (Hn)n∈Z≥−1 ∶ φ ⇒ ψ is carried by Φ

just in case every Hn ∶Cn →Dn+1 is carried by Φ.

At long last, we prove the acyclic carrier theorem:

Theorem 4.5.4. Let AC, and A ′D be augmented chain complexes. And let AC be

free with basis B = (Bn = {σαn}α∈Jn
)
n∈N̂. Suppose that there exists an acyclic carrier

Φ ∶ B → SA ′D from AC to A ′D. Then there exists a chain map φ ∶ C → D whose

(in fact, augmentation-preserving) augmentation φ̂ ∶ AC → A ′D is carried by Φ.

Furthermore, any two chain maps φ,ψ ∶ C → D which are carried by Φ have chain

homotopic augmentations by a chain homotopy H ∶ φ̂ ⇒ ψ̂ which itself is carried by

Φ.

Proof. We follow the proof which Munkres suggests, generalizing the proof that he

does give for the geometric version of the theorem. We need to prove existence and

uniqueness (up to chain homotopy) of a chain map φ ∶ C → D whose augmentation

is carried by Φ. We prove existence first.

We construct φ̂ ∶ AC → A ′D as follows: First define φ̂
−1 ∶ A−1C = Z → Z = A ′

−1D

to be the identity map. To define φ̂0 ∶ A0C → A ′

0D, we chase some arrows. Suppose

σα0 is an element of our chosen basis B0 for AC. Then ∂0
AC (σα0 ) is in A−1C, so

φ̂
−1∂

0
AC (σα0 ) is in A ′

−1D = Φ−1 [σα0 ]. Now ∂0
Φ[σα

0 ]
is surjective, so there is some element

x = lift∂0

Φ[σα
0
]
(φ̂
−1∂

0
AC (σα0 )) in Φ0 [σα0 ] such that

∂0
Φ[σα

0 ]
(x) = φ̂

−1∂
0
AC (σα0 )
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We define φ̂0 (σα0 ) to be this element lift∂0

Φ[σα
0
]
(φ̂
−1∂

0
AC (σα0 )) = x inside the preimage.

Diagrammatically, we have done the following:

A0C
∂0

AC
ÐÐÐ→ A−1C σα0 ÐÐÐ→ ∂0

AC (σα0 )
∥ φ̂

−1

×××Ö
Φ0 [σα0 ]

∂0

Φ0[σα
0
]

ÐÐÐÐ→ Φ−1 [σα0 ] x ←ÐÐÐ φ̂
−1∂

0
AC (σα0 )

By construction, we have that φ̂0 (σα0 ) ∈ Φ0 [σα0 ] as required for φ̂ to be carried by

Φ. In addition, we have, by construction, that the following diagram commutes:

{σα0 }
∂0

AC
ÐÐÐ→ A−1C

φ̂0

×××Ö
×××Öφ̂−1

A ′

0D
∂0

A ′D

ÐÐÐ→ A ′

−1D

Having defined φ̂ on every basis element σα0 in this way, and we define φ̂0 by extending

linearly23. Clearly, this makes the following diagram commute, as required for φ̂ to

be a chain map at level 0,

A0C
∂0

AC
ÐÐÐ→ A−1C

φ̂0

×××Ö
×××Öφ̂−1

A ′

0D
∂0

A ′D

ÐÐÐ→ A−1D

since the preceeding diagram commutes for all α ∈ J0.

Now, we proceed by induction. Suppose that we have defined φ̂ ∶ Aq−1C → A ′

q−1D

so that the following diagram commutes

Aq−1C
∂q−1

AC
ÐÐÐ→ Aq−2C

φ̂q−1

×××Ö φ̂q−2

×××Ö
A ′

q−1D
∂q−1

A ′D

ÐÐÐ→ A ′

q−2D

and that φ̂q−1 (σαq−1) ∈ Φq−1 [σαq−1] for all α ∈ Jq−1.

23In detail, for AC ∋ C = ∑
α∈J0

cα
0 σα

0 we define φ0 (C) = ∑
α∈J0

cα
0 φ̂0 (σα

0 ).
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To define φ̂q ∶ AqC → A ′

qD, we chase some more arrows. Suppose σαq is an element

of our chosen basis Bq for AqC. We have the following diagrammatic situation:

σαq ÐÐÐ→ ∂qAC (σαq ) ÐÐÐ→ ∂q−1AC∂
q
AC (σαq )×××Ö
×××Ö

x ←ÐÐÐ φ̂q−1∂
q
AC (σαq ) ÐÐÐ→ ∂q−1

Φq−1[σα
q ]
φ̂q−1∂

q
AC (σαq )

living inside

AqC
∂q

AC
ÐÐÐ→ Aq−1C

∂q−1
AC
ÐÐÐ→ Aq−2C

×××Öφ̂q−1

×××Öφ̂q−2

Φq [σαq ]
∂q

Φ[σα
q ]

ÐÐÐ→ Φq−1 [σαq ]
∂q−1

Φ[σα
q ]

ÐÐÐ→ Φq−2 [σαq ]
In detail, we have ∂qAC (σαq ) ∈ Aq−1C, so φ̂q−1∂

q
AC (σαq ) ∈ A ′

q−1D. But in fact, φ̂q−1∂
q
AC (σαq ) ∈

Φq−1 [σαq ] since Φ carries φ̂q−1. To see this, let ∂qAC (σαq ) = ∑
β∈Jq−1

cβq−1σ
β
q−1; then Φ [σβq−1] ⊂

Φ [σαq ] for all β ∈ Jq−1 such that cβq−1 ≠ 0. In particular, φ̂q−1 (σβq−1) ∈ Φq−1 [σαq ] for

all such β. Therefore φ̂q−1∂
q
AC (σαq ) = φ̂q−1 ( ∑

β∈Jq−1

cβq−1σ
β
q−1) = ∑

β∈Jq−1

cβq−1̂]q−1φ (σβq−1) ∈
Φq−1 [σαq ] as claimed, since it is a weighted sum of elements of Φq−1 [σαq ]. Now

∂q−1AC∂
q
AC (σαq ) = 0, so φ̂q−2∂

q−1
AC∂

q
AC (σαq ) = 0. But we have that the diagram

Aq−1C
∂q−1

AC
ÐÐÐ→ A ′

q−2C

φ̂q−1

×××Ö
×××Öφ̂q−2

A ′

q−1D
∂q−1

A ′D

ÐÐÐ→ A ′

q−2D

incl
Õ××× incl

Õ×××

Φq−1 [σαq ]
∂q−1

Φ[σα
q ]

ÐÐÐ→ Φq−2 [σαq ]

commutes.

Commutativity of the top square is just the inductive hypothesis, and commuta-

tivity of the bottom square comes from the definition of acyclic carrier. Thus we

have that 0 = φ̂q−2∂
q−1
AC∂

q
AC (σαq ) = ∂q−1A ′Dφ̂q−1∂

q
AC (σαq ) = ∂q−1Φ[σα

q ]
φ̂q−1∂

q
AC (σαq ). Thus
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φ̂q−1∂
q
AC (σαq ) is a cycle in Φq−1 [σαq ]. But Φ [σαq ] is acyclic; thus Φq−1 [σαq ] is a bound-

ary. That is, there exists an element x = lift∂q

Φ[σα
q ]
(φ̂q−1∂qAC (σαq )) ∈ Φq [σαq ] which

∂q
Φ[σα

q ]
maps to φ̂q−1∂

q
AC (σαq ). So define φ̂q (σαq ) = x. Then by construction, we have

both that the diagram

{σαq }
∂q

AC
ÐÐÐ→ Aq−1C

φ̂q−1

×××Ö
×××Öφ̂q−1

A ′

qD
∂q

A ′D

ÐÐÐ→ A ′

q−1D

commutes and that φ̂q (σαq ) ∈ Φq [σαq ] for every α ∈ Jq. As in the base case, we linearly

extend the map φ̂q to all of AqC and obtain that the diagram

AqC
∂q

AC
ÐÐÐ→ Aq−1C

φ̂q−1

×××Ö
×××Öφ̂q−1

A ′

qD
∂q

A ′D

ÐÐÐ→ A ′

q−1D

commutes as required.

This completes the construction of a chain map φ̂ ∶ AC → A ′D which is carried

by Φ. But we have still to show that this map is unique up to chain homotopy.

So suppose that φ̂, ψ̂ ∶ AC → A ′D are carried by Φ. We construct a chain homo-

topy Ĥ ∶ AC → A ′D as follows: First, define, for every k < 0, Ĥ
−k ∶ AkC → A ′

k+1D

to be the zero map.

To define Ĥ0 ∶ A0C → A ′

1D, we chase some arrows. Suppose σα0 is an ele-

ment of our chosen basis B0 for A0C. Then φ̂0 (σα0 )andψ̂0 (σα0 ) are both in Φ0 [σα0 ]
since they are carried by Φ, and thus φ̂0 (σα0 ) − ψ̂0 (σα0 ) is also in Φ0 [σα0 ]. So

∂0
Φ[σα

0 ]
(φ̂0 (σα0 ) − ψ̂0 (σα0 )) = ∂0

Φ[σα
0 ]
φ̂0 (σα0 )−∂0

Φ[σα
0 ]
ψ̂0 (σα0 ) = ∂0

A ′Dφ̂0 (σα0 )−∂0
A ′Dψ̂0 (σα0 )

is in Φ−1 [σα0 ]. But since φ̂, ψ̂ are chain maps these diagrams

A0C
∂0

AC
ÐÐÐ→ A−1C

φ̂0

×××Ö φ̂
−1

×××Ö
A ′

0D
∂0

A ′D

ÐÐÐ→ A ′

−1D

A0C
∂0

AC
ÐÐÐ→ A−1C

ψ̂0

×××Ö ψ̂
−1

×××Ö
A ′

0D
∂0

A ′D

ÐÐÐ→ A ′

−1D
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commute. Thus ∂0
Φ[σα

0 ]
(φ̂0 (σα0 ) − ψ̂0 (σα0 )) = φ̂−1∂0

AC (σα0 )−ψ̂−1∂0
AC (σα0 ) = idZ∂0

AC (σα0 )−
idZ∂0

AC (σα0 ) = 0. Thus φ̂0 (σα0 ) − ψ̂0 (σα0 ) is a cycle in Φ0 [σα0 ]; since Φ [σα0 ] is acyclic,

φ̂0 (σα0 )−ψ̂0 (σα0 ) is a boundary. Thus there exists some element x = lift∂1

Φ[σα
0
]
(φ̂0 (σα0 ) − ψ̂0 (σα0 ))

in Φ1 [σα0 ] which is taken by the boundary map ∂1
Φ[σα

0 ]
to φ̂0 (σα0 )− ψ̂0 (σα0 ). So define

Ĥ0 (σα0 ) = lift (x). The situation is outlined by the following diagram

σα0 ÐÐÐ→ ∂0
AC (σα0 )×××Ö
×××Ö

x ←ÐÐÐ φ̂0 (σα0 ) − ψ̂0 (σα0 ) ÐÐÐ→ ∂0
Φ[σα

0 ]
(φ̂0 (σα0 ) − ψ̂0 (σα0 ))

living inside

A0C
∂0

AC
ÐÐÐ→ A−1C

φ̂0−ψ̂0

×××Ö φ̂
−1−ψ̂−1

×××Ö
Φ1 [σα0 ]

∂1

Φ[σα
0
]

ÐÐÐ→ Φ0 [σα0 ]
∂0

Φ[σα
0
]

ÐÐÐ→ Φ−1 [σα0 ]
Therefore we have that Ĥ0 (σα0 ) ∈ Φ1 [σα0 ] and that ∂1

A ′DĤ0 (σα0 ) + H−1∂0
AC (σα0 ) =

φ̂0 (σα0 ) − ψ̂0 (σα0 ) for every α ∈ J0. Thus Ĥ0 is carried by Φ.

We proceed by induction. Suppose that Ĥp has been defined for all p < q so each

map Ĥp is carried by Φ and so that ∂p+1A ′DĤp + Ĥp−1∂
p
AC = φ̂p − ψ̂p. We define Ĥq

as follows: Suppose σαq is an element of our chosen basis Bq for AqC. We want to

define Ĥq (σαq ) to be equal to d ∈ Φq+1 [σαq ] so that ∂q+1
Φ[σα

q ]
(d) = φ̂q (σαq ) − ψ̂q (σαq ) −

Ĥq−1∂
q
AC (σαq ) since that would mean that the equality required for Ĥ to be a chain

homotopy at level q would hold. We will lift the right hand side–an element of Φp [σαq ]
since φ̂ and ψ̂ are carried by Φ and since Ĥp−1 is carried by Φ and all the summands

of ∂p−1AC with respect to our chosen basis are mapped into Φq [σαq ] by the definition of

acyclic carrier as we have observed before–to an element in Φq+1 [σαq ] by means of the

acyclicity of Φ [σαq ]. We must compute (☀):

∂q
Φ[σα

q ]
(φ̂q (σαq ) − ψ̂q (σαq ) − Ĥq−1∂

q
AC (σαq ))
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Now, by our inductive hypothesis ∂qA ′DĤq−1 + Ĥq−2∂
q−1
AC = φ̂p−1 − ψ̂p−1. Therefore, in

particular,

−∂q
Φ[σα

q ]
Ĥq−1∂

q
AC (σαq ) = −φ̂p−1∂qAC (σαq ) + ψ̂p−1∂qAC (σαq ) − Ĥq−2∂

q−1
AC∂

q
AC (σαq )

where the last term of this is zero since ∂q−1AC∂
q
AC = 0. Therefore, (☀) is equal to

∂q
Φ[σα

q ]
φ̂q (σαq ) − ∂qΦ[σα

q ]
ψ̂q (σαq ) − φ̂p−1∂qAC (σαq ) + ψ̂p−1∂qAC (σαq )

i.e. to

∂q
Φ[σα

q ]
φ̂q (σαq ) − φ̂p−1∂qAC (σαq ) + ψ̂p−1∂qAC (σαq ) − ∂qΦ[σα

q ]
ψ̂q (σαq )

But we have that the diagrams

AqC
∂q

AC
ÐÐÐ→ Aq−1C

φ̂q

×××Ö φ̂q−1

×××Ö
A ′

qD
∂q

A ′D

ÐÐÐ→ A ′

q−1D

A0C
∂0

AC
ÐÐÐ→ A−1C

ψ̂0

×××Ö ψ̂
−1

×××Ö
A ′

0D
∂0

A ′D

ÐÐÐ→ A ′

−1D

commute. So in particular,

∂q
Φ[σα

q ]
φ̂q (σαq ) = φ̂p−1∂qAC (σαq )

and

ψ̂p−1∂
q
AC (σαq ) = ∂qΦ[σα

q ]
ψ̂q (σαq )

Therefore, (☀) is zero. Thus φ̂q (σαq ) − ψ̂q (σαq ) − Ĥq−1∂
q
AC (σαq ) is a cycle in Φq [σαq ]

and hence is a boundary since Φ [σαq ] is acyclic. Thus there exists an element

x = lift∂q+1

A ′D
(φ̂q (σαq ) − ψ̂q (σαq ) − Ĥq−1∂

q
AC (σαq )) ∈ Φq+1 [σαq ] which is mapped by ∂q+1A ′D

to φ̂q (σαq ) − ψ̂q (σαq ) − Ĥq−1∂
q
AC (σαq ). So we define Ĥq (σαq ) = x ∈ Φq+1 [σαq ]. By con-

struction, Ĥq (σαq ) ∈ Φq+1 [σαq ] and ∂q+1A ′DĤq (σαq ) + Ĥq−1∂
q
AC (σαq ) = φ̂q (σαq ) − ψ̂q (σαq )

for every α ∈ Jq. We define Ĥq by extending linearly from its definition on basis
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elements. As we have seen, it is carried by Φ, and ∂q+1A ′DĤq + Ĥq−1∂
q
AC = φ̂q − ψ̂q by

linearity. �
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5. The Natural Isomorphism

5.1. Introductory Remarks. The purpose of this chapter is to build up the ma-

chinery necessary to state, then to prove the main theorem of the thesis: that the

ordered and oriented homology functors on objects in a “nice” category defined via

a fixed “standard cosimplicial object” are naturally isomorphic. This is a substan-

tial generalization of the well-known theorem (stated in section 2.4 and proven, for

instance, in [3])–that the oriented and ordered homologies of simplicial complexes

are naturally isomorphic. In that case, the “nice” category is just SimpComp, the

category of simplicial complexes and simplicial maps between them, and the “stan-

dard cosimplicial object” is just the collection of standard n-simplices equipped the

associated coface, codegeneracy, and cotransposition maps. The proof we give is anal-

ogous to the proof of this rather more specific result; however, our result really is a

significant generalization of that result since it makes explicit the suspicions that one

might have about the generality of the result. We, in particular, are able to simply

apply our result to all of our favorite cosimplicial objects in “nice” categories (which

almost all categories we might be interested in practice are–the niceness assumptions

are mild).

In order to put it in its proper context, we must introduce a fair amount of ter-

minology and machinery. We begin the chapter with a section on “cosimplicial-type

objects”–interesting cases of the general notion of coP-objects introduced briefly in

example 3.4.7–and “simplicial-type objects”–interesting cases of P-objects. In the fol-

lowing section, we functorially construct chain complexes associated to some of these

objects: in particular, we associate “oriented” chain complexes to “∆DT -simplicial

sets” and “free” chain complexes to “∆D-simplicial sets”. Then, in section 5.4 we

define the general notion of singular set and in particular the notion of injective set for

certain “nice” categories which come equipped with standard cosimplicial objects. In

the case of simplicial homology, these are the collections of all (and respectively, non-

degenerate) simplicial mappings into a simplicial complex. Subsequently, in section
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5.5, we apply the functorial constructions of chain complexes from section 5.3 to func-

torially associate to each object in a “nice” category an oriented chain complex and

an ordered chain complex; we then define the oriented (and ordered, respectively)

homologies of objects to be the composition of the oriented (and ordered, respec-

tively) chain complex functors we defined with the homology functor presented in

4.3. In the case of simplicial homology, these objects are isomorphic to–although de-

fined in a manner different from that usually used (exemplified by the presentation in

[3])–the oriented and ordered chain complexes associated to a simplicial complex. In

the following section, we define a natural transformation from the ordered chain com-

plex functor to the oriented chain complex functor and an infranatural transformation

from the oriented chain complex functor to the ordered chain complex functor; we first

observe that the composition of the oriented-to-ordered infranatural transformation

with the ordered-to-oriented natural transformation is equal to the identity natural

transformation and second prove that the the composition of the ordered-to-oriented

with the oriented-to-ordered defines an infranatural transformation chain homotopic

to the identity. Finally, in section 5.7, we prove that the ordered and oriented ho-

mology functors defined in section 5.5 are naturally isomorphic by pushing-forward

the ordered-to-oriented natural transformation and the oriented-to-ordered natural

transformation along the homology functor.

5.2. Simplicial and Cosimplicial Type Objects. We begin our exposition by in-

troducing “cosimplicial-type” objects and “simplicial-type” objects in some category

C. As stated in the introductory remarks to this chapter, these are both specific sorts

of P-objects24 introduced at 3.4.7 in chapter 3: in that example, we defined a P-object

in a category C to be a contravariant functor P → C. (Aside: It must also be said that

these special cases of P-objects are much more interesting than the general case–the

general case amounts to a study of the collection MapsCat (P,C) where we make no

24Here P is a category which we “know about”. In this context, we’re referring to P as a probe
category.
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constraints on P; in other words, it amounts to a study of all functors into C.) We

refer to covariant functors P → C as coP-objects in C. In particular, a P-set (or a

coP-set) is just a P-object (or a coP-object, resepctively) whose codomain category

is the category Set introduced in example 3.2.2.

Through the rest of the thesis, we will be working with two closely affiliated probe

categories, and briefly with a third category, in section 5.3, all of which we will say

are “simplex-type” categories. Furthermore, there is an clearcut way in which these

three are related and in which they are three members of a family of eight categories.

We will in fact say that all of these eight categories are “simplex-like”. So by a

“cosimplicial-type object in C” (and, respectively, by a “simplicial-type object in C”)

we mean a covariant (respectively, contravariant) functor whose domain category is

one of these “simplex-type” categories and whose codomain category is C.

Still, as we mentioned, two of these play a much larger role in the thesis than any of

the others. For that reason, we take time to discuss the particulars of each category. In

fact one of these two categories, namely “the semi-cardinal number category” denoted

by !s∆ is a subcategory of the other, “the cardinal number category”, denoted by

!∆. In particular, the semi-cardinal number category has the same object set as the

cardinal number category. In fact, the semi-cardinal number category is the “injective

subcategory” of the cardinal number category–we will introduce this notion rigorously

in section 5.4 and give this as an example. To get slightly ahead of ourselves, we must

point out that, as it turns out, all eight “simplex-like” categories are supported on

this same collection of objects. In order to introduce these “simplex-like” categories

and to explore in particular the cardinal and the semi-cardinal categories, we must

first introduce the objects on which they are both supported, the standard cardinals:

Definition 5.2.1. The nth standard cardinal number is the nth section of Z, the set

n = {0, . . . , n} where n ≥ −1; in general, a finite standard cardinal number or simply a

cardinal number is just one of these. Alternatively, we could define the nth standard

cardinal number to be the discrete category D{0, . . . , n} (see example 3.2.4 for the
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definition) on the objects {0, . . . , n}. It is not hard to see that these notions are the

same.

Rather than discussing both at once, we will introduce the finite standard cardi-

nal number category and its properties first before proceeding to discuss the semi-

standard cardinal number category.

5.2.1. The Cardinal Number Category.

Definition 5.2.2. The finite standard cardinal number category or simply the car-

dinal number category denoted by !∆ has as objects the cardinal numbers and as

morphisms all set functions between cardinal numbers. In other words, !∆ is the

full subcategory of Set on the cardinal numbers (as defined above). (Or, under the

alternative definition, it is the full subcategory on DCat.)

There are three fundamental–in a sense we will make technical when we define a

simplex-like category–morphism types in the cardinal number category:

Definition 5.2.3. The ith coface map in dimension n where i = 0, . . . , n is the map

din ∶ n - 1→ n given by

k ↦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

k if k < i

k + 1 if k ≥ i

The intuitive notion of a coface map is that it splits the domain at (and including)

the ith element.

Definition 5.2.4. The ith codegeneracy map in dimension n, where i = 0, . . . , n is

the map sin = si ∶ n + 1→ n given on objects by

k ↦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

k if k ≤ i

k − 1 if k > i

The intuitive notion of a codegeneracy map is that it collapses the elements i and

i + 1 together.
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Definition 5.2.5. The ith cotransposition in dimension n, where i = 0, . . . , n − 1, is

the map tni ∶ n→ n given by

k ↦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k if k < i

i + 1 if k = i

i if k = i + 1

k if k > i + 1

The intuitive notion of a cotransposition map is that it swaps the elements i and i+1.

In fact–as is discussed in, for instance, [1]–every morphism in !∆ factors as a

sequence of morphisms of these three fundamental types. Furthermore, they satisfy

the following relations:
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Theorem 5.2.6. The Symmetric Cosimplicial Identities

(1) djdi = didj−1 if i < j

(2)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

sjdi = disj−1

sjdj = id = sjdj+1

sjdi = di−1sj

if i < j

if i > j + 1

(3) sjsi = sisj+1 if i ≤ j

(4) titi = 1

(5) tj−1tjtj−1 = tjtj−1tj

(6) titj = tjti if i < j − 1

(7)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

tidj = djti

tidi = di+1

tidj = djti−1

if i < j − 1

if i > j

(8)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

tisj = sjti

tisi = si+1titi+1

tisj = sjti+1

if i < j − 1

if i > j

(9) siti = si

(10) tisi+1 = siti+1ti

(11) tidi+1 = di

In fact [1], the category freely generated by these maps subject to these relations

is canonically isomorphic to !∆. This means that theorem 5.2.6 completely classifies

the cardinal number category in terms of these generators and these relations. On

account of this, we will refer to this as the fundamental theorem of the cardinal

number category. As a corollary to this theorem, we obtain that every morphism

in !∆ factors into a sequence of cofaces, codegeneracies, and cotranspositions. The

following, which will be useful later, is a stronger result:
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Proposition 5.2.7. Factoring Algorithm for the Cardinal Number Category

Any morphism θ ∶ n→m in !∆ factors as

n
tiαn ⋯t

i1
n
→ n

s
iβ
k
⋯s

i1
n−1
→ k

d
iγ
m⋯d

i1
k+1
→ m

Proof. Suppose θ ∶ n → m is a morphism in !∆. We define a morphism φ ∶ n → k

in !∆̂ so that for an obvious bijection bij ∶ k → imθ we have that bijφ = θ. First

define k = Size (imθ) − 1 and then label imθ = {i0, ..., ik} so that i0 < i1 < ⋯ < ik−1 < ik;

this defines the aformentioned obvious bijection i− ∶ k → imθ. Now define φ ∶ n → k

by a ↦ ` where θ (a) = i`. Furthermore, there exists a sequence–almost always non-

unique–of coface maps dm,...,i1 = diγm⋯di1k+1 such that dm,...,i1φ = θ. Finally, φ factors as a

sequence of transpositions tiα,...,i1 = tiα‘
n ⋯ti1n followed by a sequence sk,...,n−1 = s

iβ
k ⋯si1n−1

of degeneracies. Therefore, we can factor θ into

n
t
i1
n
→⋯

tiα
n
→ n

s
i1
n−1
→ n − 1

s
i2
n−2
→ ⋯

s
iβ
k
→ k

d
i1
k+1
→ k + 1

d
i2
k+2
→ ⋯

d
iγ
m
→m

�

From this we have immediately that:

Corollary 5.2.8. Suppose θ ∶ n → n is not injective. Then there exists a minimal

k < n such that θ factors through k.

We have now proven all the facts that we will need throughout the thesis about

the cardinal number category. Remember that the cardinal number category is one

of the simplex-type categories which we are using as probe categories. So we want to

define !∆-objects and co!∆-objects in a category C.

Definition 5.2.9. A !∆-cosimplicial object in a category C is a covariant functor

Ψ ∶ !∆ → C. By abuse of language, we refer to the images of the coface maps

d`, codegeneracy maps s`, and cotransposition maps t` under the functor as the

coface maps, the codegeneracy maps, and the cotransposition maps. By abuse of
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notation, we write d`n = d`, s`n = s`, and t`n = t` for the maps Ψd`n = Ψd` ∶ Ψn−1 → Ψn,

Ψs`n = Ψs` ∶ Ψn+1 → Ψn, and Ψt`n = Ψt` ∶ Ψn−1 → Ψn respectively. A map of !∆-

cosimplicial objects from one !∆-cosimplicial object Ψ to another Ψ′ is just a natural

transformation a ∶ Ψ⇒ Ψ′.

In the case that C = Set, we refer to a !∆-cosimplicial object as !∆-cosimplicial

set. In this case, we refer to an element ψαn as an n-cosimplex.

Remark 5.2.10. On account of functoriality, the !∆-simplicial identities of theorem

5.2.6 hold, exactly as written, in any !∆-cosimplicial object. Due to the fact that

the cardinal number category is generated by the coface, codegeneracy, and cotrans-

position morphisms, one can generate a !∆-simplicial object in some category C by

means of a collection of morphisms (which we think of as cofaces, codegeneracies, and

cotranspositions) which satisfy these identities.

Example 5.2.11. The following is a !∆-cosimplicial object (in Top) of central im-

portance for simplicial methods in algebraic topology: ∆ ∶ !∆ → Set. On objects, it

is given by n
∆
↦∆n where, for n ≥ 0 ∆n is the directed topological n-simplex in Rn+1

given by ∆n
= {(a0, . . . , an) ∶

n

∑
i=0
ai = 1, ai ≥ 0}, and for n = −1, ∆n

= ∅. On morphisms,

it is given by n
θ
→m

∆
z→∆n ∆θ

→∆m where ∆θ takes (a0, . . . , an) to (b0, . . . , bm) where

bi = ∑
j∈θ−1(i)

aj. This functor is known as the cosimplicial object of directed topological

simplices.

Definition 5.2.12. A !∆-simplicial object in a category C is a contravariant functor

Σ ∶ !∆op → C. We refer to the images of the coface maps d`, codegeneracy maps s`,

and cotransposition maps t` under the functor as the face maps, the degeneracy maps,

and the transposition maps. In addition, we write (swapping top-right and bottom-

right decorations) dn` = d`, sn` = s`, and tn` = t` for the maps Σd`n = Σd` ∶ Σn−1 → Σn,

Σs`n = Σs` ∶ Σn+1 → Σn, and Σt`n = Σt` ∶ Σn−1 → Σn respectively. A map of !∆-

simplicial objects from one !∆-simplicial object Σ to another Σ′ is just a natural

transformation a ∶ Σ⇒ Σ′.
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In the case that C = Set, we refer to a !∆-simplicial object as !∆-simplicial set. In

this case, we refer to an element σnα as an n-simplex.

Remark 5.2.13. As remarked upon at 5.2.10, for a !∆-cosimplicial object Ψ, the

!∆-cosimplicial identities of theorem 5.2.6 hold exactly as written. However, for a

!∆-simplicial object Σ the !∆-cosimplicial identities hold contravariantly. This is

the case because a simplicial set is a contravariant functors and hence “reverses the

direction” of morphisms. We refer to the contravariant version of the !∆-cosimplicial

identities as the !∆-simplicial identities. In a manner analogous to that discussed in

remark 5.2.10, one can specify a !∆-simplicial object in some category C by simply

specifying a collection of morphisms (which we think of as cofaces, codegeneracies,

and cotranspositions) which satisfy the !∆-simplicial identities.

Example 5.2.14. More concretely, but not in detail, observe that the collection

of classic simplices–in the category SimpComp of simplicial complexes and simpli-

cial maps between–equipped with the obvious maps defines a !∆-simplicial object in

SimpComp.

Example 5.2.15. The following is a !∆-simplicial set of central importance to

singular homology theory of topological spaces: S (X) where X a fixed topolog-

ical space. On objects, it is given by n ↦ Maps (∆n,X) where Maps (∆n,X)
is the set of all continuous maps from ∆n to X. On morphisms, it is given by

n
θ
→m z→Maps (∆m,X) −○∆θ→ Maps (∆n,X) where − ○∆θ takes a continuous map

f ∶ ∆m → X to f ○∆θ ∶ ∆n → X. This !∆-simplicial set is known as the singular set

of the space X.

Remark 5.2.16. This technique generalizes a great deal, as the following discussion–

which is itself by no means a presentation of the most generalized version possible–

shows: We recall the situation of example 3.4.7 and expand upon it. Given a category

C which we want to get information about, let P be some well-understood category–a
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probe category–and let F ∶ P → C be a covariant functor whose image is a well-

understood subcategory of C–this functor a coP-object in C.

Define the F -singular set of an object C in C to be the contravariant functor, the

P-set SF (C) ∶ Pop → Set: first, send the object P to the set MapsC (FP,C) of

morphisms in C from the image FP of the object P under the functor F to the fixed

object C in C; second, send the morphism π ∶ P → P ′ to the precompose-by-Fπ map

−Fπ ∶MapsC (FP ′,C)→MapsC (FP,C).
In fact what we have described is the object component of the F -singular set

functor SF ∶ C → SetP
op

. (Recall that the symbol SetP
op

denotes the category of

contravariant functors Pop → Set.) We define it on the morphism f ∶ C → C ′ to

be the morphism SF (f) ∶ SF (C) ⇒ SF (C ′) each of whose coordinates is given by

(post)-composing-by-f , the map f ○− ∶MapsC (FP,C)→MapsC (FP,C ′) described

by f ○ − ∶ (a ∶ FP → C)↦ (f ○ a ∶ FP → C ′).

Example 5.2.15, suggests the definition, which we present in section 5.4, of “singular

set” which we use in this thesis. It is less general than the preceeding discussion, but

it is far more useful.

So we have defined the cardinal number category and established its basic facts.

Furthermore, we treated it as a probe category and defined !∆-simplicial objects and

!∆-cosimplicial objects in a category C. We now move on to consider simplex-like

category which has a central role to play in the thesis.

5.2.2. The Semi-Cardinal Category.

Definition 5.2.17. The finite standard semi-cardinal number category, the semi-

cardinal number category, or the injective cardinal number category, denoted by !s∆,

has as objects the cardinal numbers and as morphisms all injective maps of cardinal

numbers. Therefore, !s∆, unlike !∆, is not a full subcategory of Set.
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Whereas in !∆ there were three fundamental types of morphism, in !∆ there are

only two since all maps are injective or “non-degenerate.” We recall them here for

the readers convenience though they are given already at definitions 5.2.3 and 5.2.5

Definition 5.2.18. The ith coface map in dimension n where i = 0, . . . , n is the map

din ∶ n - 1→ n given by

k ↦

⎧⎪⎪⎪⎨⎪⎪⎪⎩

k if k < i

k + 1 if k ≥ i

The intuitive notion of a coface map is that it splits the domain at (and including)

the ith element.

Definition 5.2.19. The ith cotransposition in dimension n, where i = 0, . . . , n − 1, is

the map tni ∶ n→ n given by

k ↦

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

k if k < i

i + 1 if k = i

i if k = i + 1

k if k > i + 1

The intuitive notion of a cotransposition map is that it swaps the elements i and i+1.

These maps satisfy all the identities listed in theorem 5.2.6 involving only cofaces

and cotranspositions since !s∆ is a subcategory of !∆. We refer to those identities of

theorem 5.2.6 which involve the coface and cotransposition maps the semi-cardinal

number category as the non-degenerate cosimplicial identities. For the reader’s con-

venience, we collect them here:
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Theorem 5.2.20. The Non-Degenerate Cosimplicial Identities

(1) djdi = didj−1 if i < j

(2) titi = 1

(3) tj−1tjtj−1 = tjtj−1tj

(4) titj = tjti if i < j − 1

(5)

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

tidj = djti

tidi = di+1

tidj = djti−1

if i < j − 1

if i > j

Observe that an analogue of the factorization algorithm 5.2.7 holds as well in !s∆:

all morphisms factor as a sequence of cotransposition maps followed by a sequence

of coface maps. This theorem together with that algorithm estalish the basic facts

about the injective cardinal number category. Now, we want to think about !s∆ as

a probe category. So we proceed to define !s∆-objects and co!s∆-objects (although

they will not be known as that) in a category C.

Definition 5.2.21. A !s∆-cosimplicial object in a category C is a covariant functor

Ψ ∶ !s∆ → C. By abuse of language, we refer to the images of the coface maps d`,

and cotransposition maps t` under the functor as the coface maps, the codegeneracy

maps, and the cotransposition maps. By abuse of notation, we write d`n = d` and

t`n = t` for the maps Ψd`n = Ψd` ∶ Ψn−1 → Ψn and Ψt`n = Ψt` ∶ Ψn−1 → Ψn respectively.

A map of !s∆-cosimplicial objects from one !∆-simplicial object Ψ to another Ψ′ is

just a natural transformation a ∶ Ψ⇒ Ψ′.

In the case that C = Set, we refer to a !s∆-cosimplicial object as !s∆-cosimplicial

set. In this case, we refer to an element ψαn as an n-cosimplex.

Remark 5.2.22. In exactly the same vein as remark 5.2.10, we have that the coface

and cotransposition maps in any !s∆-cosimplicial object Ψ satisfy the !s∆-cosimplicial

identities, exactly as they are displayed in theorem 5.2.20 because these identities are

preserved by Ψ since Ψ is a functor.
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Example 5.2.23. Since !s∆ is a subcategory of !∆, we can restrict every functor, i.e.

every !∆-simplicial object, !∆→ C to obtain a !s∆-cosimplicial object !s∆↪ !∆→ C.

So for example, consider the !s∆-cosimplicial object which arises as the restriction of

the !∆-simplicial object in Top discussed in example 5.2.11.

Definition 5.2.24. A !s∆-simplicial object in a category C is a contravariant functor

Σ ∶ !s∆op → C. We refer to the images of the coface maps d` and cotransposition

maps t` under the functor as the face maps and the transposition maps. By abuse

of notation, we write dn` = d` and tn` = t` for the maps Σdn` = Σd` ∶ Σn−1 → Σn

and Σt`n = Σt` ∶ Σn−1 → Σn respectively. A map of !s∆-simplicial objects from one

!s∆-simplicial object Σ to another Σ′ is just a natural transformation a ∶ Σ⇒ Σ′.

In the case that C = Set, we refer to a !s∆-simplicial object as !s∆-simplicial set.

In this case, we refer to an element σnα as an n-simplex.

Remark 5.2.25. Along just the same lines as those laid out in remark 5.2.22, the

identities listed in lemma 5.2.20 do not hold as written for a !s∆-simplicial object Σ

while they always hold for a !s∆-cosimplicial object Ψ as we mentioned in remark

5.2.22. Again, this is the case because a symmetric semi-simplicial object is a con-

travariant functor !s∆→ C; so the identities are taken to their contravariant form by

every !s∆-simplicial object. We refer to these identities, the contravariant form of the

!s∆-cosimplicial identities, as the !s∆-simplicial identities.

Example 5.2.26. Just as in example 5.2.23 above, observe again that since !s∆ is

a subcategory of !∆, there is a !s∆-simplicial object given by restriction to !s∆ for

every !∆-simplicial object. Consider the restriction of the !∆-simplicial object given

in example 5.2.15.

Example 5.2.27. More concretely, but not in detail, observe that the collection,

which we examined first in example 5.2.14, of classic simplices–in the category SimpComp

of simplicial complexes and simplicial maps between–equipped with the obvious maps
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defines a !s∆-simplicial object in SimpComp. This is clearly an instance of the re-

striction to !s∆ of a !∆-simplicial complex mentioned in example 5.2.26.

This concludes the discussion of the semi-cardinal number category !s∆. We now

formally state the definitions given at the beginning of the section.

5.2.3. Simplex-Type Categories. At the beginning of this section, we discussed two

ideas: “simplicial-type object”, “cosimplicial-type object.” We described them as

special cases of P-objects and coP-objects respectively. However this was not quite

an accurate description since there is not a single category P whose contravariant and

covariant functors (respectively) we are considering: there are eight such categories.

Two of these categories are of special interest to us in this thesis. In subsection 5.2.1,

we introduced the cardinal number category !∆ and stated the fundamental theorem

about it, theorem 5.2.6, and developed the basic theory of covariant and contravariant

functors–known as !∆-simplicial objects and !s∆-simplicial objects, respectively–from

this category into an arbitrary category C. In the subsequent portion, subsection 5.2.2,

we did the same for the semi-cardinal number category !s∆: stated its fundamental

theorem (lemma 5.2.20) and discussed functors with it as domain. Now, we are

prepared to return to the linguistic point of view adopted at the beginning of the

section. We formally state here the definitions we used loosely there.

Definition 5.2.28. Let D, S, and T denote the collections, respectively, of cofaces,

codegeneracies, and cotranspositions in the cardinal number category !∆. Choose

some (or none) of these collections. The simplex-type category corresponding to that

choice–denoted by ∆DT if, for example, the choice was (1,0,1)–is the subcategory of

the cardinal number category whose object collection consists of all cardinal numbers

and whose morphisms are generated by freely composing all morphisms in the chosen

collections.

Remark 5.2.29. Let ∆ be any simplex-type category. Then all the identities from

theorem 5.2.6 which involve maps by which the category ∆ is generated apply as well
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to the category ∆. We call this collection of identities the cosimplicial-type identities

for ∆ or alternatively the ∆-cosimplicial identities.

Example 5.2.30. We have already considered in some detail two examples of simplex-

type categories, namely the cardinal number category !∆ = ∆DST and the injective

cardinal number category !s∆ =∆DT .

Definition 5.2.31. A cosimplicial-type object in a category C is a covariant functor

from a simplex-type category to C. A simplicial-type object in a category C is a

contravariant functor from a simplex-type category to C.

Remark 5.2.32. Let ∆ be any simplex-type category. As we mentioned in remark

5.2.29, some of the cosimplicial identities, namely the ∆-cosimplicial identities, hold

in ∆. These identities are preserved under functors as well. Under a covariant

functor, i.e. a ∆-cosimplicial object, the identities are preserved as they are written.

Under a contravariant functor, i.e. a ∆-simplicial object, the identities are preserved

contravariantly.

Example 5.2.33. Consider the simplex-type category ∆ST . Then a ∆ST -object in

a category C is a ∆ST -simplicial object, or, more generally, a simplicial-type object.

This linguistic maneuver will be useful for organizing the concepts in the thesis.

Furthermore, this language allows us to easily define, in section 5.4, the singular sets

we are interested in.

In this section, we discussed cosimplicial-type and simplicial-type objects in a cat-

egory C. We mentioned briefly–in examples 5.2.14 and 5.2.27–the objects at this

level which correspond to the theory in the case of homology of simplicial complexes.

In addition, we discussed singular sets–simplicial sets arising from cosimplicial-type

objects–at some length and in some generality. In section 5.4, we will define much

more specific singular sets which are appropriate for the purposes of this thesis. In

the next section, we begin to develop the algebraic machinery necessary to state and

prove the main theorem of the thesis.
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5.3. Free and Oriented Chain Complexes.

5.3.1. Introductory Remarks. In this section, we begin the transition from combina-

torial data to algebraic data. We define two functors from two different simplex-like

categories to the category ChainZ. To begin with, we define the “free chain complex

functor,” and subsequently, we define the “oriented chain complex functor.” These

objects are too general to have a clear analogue in the case of homologies of simplicial

complexes. In section 5.4, we will define injective and singular sets, certain sorts of

simplicial-type sets. The free chain complex functor applied to the singular set asso-

ciated to an object C in C corresponds to the ordered chain complex of a simpicial

complex, and the oriented complex functor applied to the injective set associated to

the object C corresponds to the oriented chain complex. In fact, in section 5.5, we will

define the “ordered chain complex” and the “oriented chain complex” of an object C

in C in analogous ways.

5.3.2. The Free Chain Complex Functor. Let ∆D denote the simplex-like category

whose morphisms are generated only by coface maps. We define a functor Set∆op
D →

ChainZ from the category of contravariant functors ∆D → Set–that is, of ∆D-

simplicial sets–to the category ChainZ of chain complexes of Z-modules.

Definition 5.3.1. The free complex of an ∆D-simplicial set Σ is the chain complex

ZfreeΣ ∶ ⋯
∂n+2

→ Zfree
n+1Σ

∂n+1

→ Zfree
n Σ

∂n

→Zfree
n−1Σ

∂n−1

→ ⋯
∂1

→Zfree
0 Σ

∂0

→Zfree
−1 Σ

∂−1

→ 0

of abelian groups Zfree
n Σ = ⟨Σn⟩ generated freely by the elements of Σn where the

boundary operator is

∂n = ∂nZfreeΣ =

n

∑
i=0

(−1)idni

the linear extension of the alternating sum of the face maps.

We show that this really is a chain complex:
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Proposition 5.3.2. Let Σ be an ∆D-simplicial set and let ZfreeΣ be the associated

chain complex. Then ∂∂ = 0.

Proof. The proof is an application of an identity from theorem 5.2.6.

Suppose σnα ∈ Σn is a basis element for Zfree
n Σ for n > 0 (for n = 0,−1, it is trivial).

Then ∂∂ at σnα is given by
n−1

∑
i=0

n

∑
j=0

(−1)i+jdidjσnα

But we have that didj = dj−1di when i < j. This suggests that we rewrite the sum as

two sums, one over indices such that i < j and the other over indices such that i ≥ j:

∑
i<j

(−1)i+jdidjσnα +∑
i≥j

(−1)i+jdidjσnα

Notice that since (n−1)+1 = n, both sums are over n(n−1)
2 terms, so it is possible that

they will cancel term by term; in fact, they will. We can rewrite the two sums as

n−1

∑
i=0

n

∑
j=i+1

(−1)i+jdidjσnα +
n

∑
j=0

n−1

∑
i=j

(−1)i+jdidjσnα

But we can rewrite the left sum using the simplicial identity and rewrite the right

sum by noticing that the outer sum is really from 0 to n − 1 since, for j = n we are

increasing the sum by
n−1

∑
i=n
(−1)i+jdidjσnα = 0. So we get

n−1

∑
i=0

n

∑
j=i+1

(−1)i+jdj−1diσnα +
n−1

∑
j=0

n−1

∑
i=j

(−1)i+jdidjσnα

We now reindex both sums: in the left sum we replace j by j − 1; in the right hand

sum we swap the indices. So we get

n−1

∑
i=0

n−1

∑
j=i

(−1)i+j+1djdiσnα +
n−1

∑
i=0

n−1

∑
j=i

(−1)i+jdjdiσnα

We factor out −1 from the left hand sum and obtain

−

n−1

∑
i=0

n−1

∑
j=i

(−1)i+jdjdiσnα +
n−1

∑
i=0

n−1

∑
j=i

(−1)i+jdjdiσnα
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which is plainly zero. To summarize, we’ve just shown that

∂∂σnα = 0

for every basis element σnα ∈ Σn.

This proves that ∂∂ = 0 as required. �

Furthermore, this procedure extends naturally to a functor:

Observation 5.3.3. Passing-to-free-complex defines a functor Zfree
∶ Set∆D → Set.

Proof. To see this, we describe the functor on morphisms between ∆D-simplicial

sets. Let Σ,Σ′ be two ∆D-simplicial sets, and suppose that a ∶ Σ ⇒ Σ′ is a map of

∆D-simplicial sets (i.e. a natural transformation). Then for each cardinal number

n ∈ ∆D, we have a function an ∶ Σn → Σ′n. These functions satisfy that for any

morphism θ ∶ n→m the diagram

Σn
an
ÐÐÐ→ Σ′nÕ×××Σθ

Õ×××Σ′θ

Σm
am
ÐÐÐ→ Σ′m

commutes by the definition of natural transformation. Of particular interest are the

coface maps din ∶ n − 1→ n for which we get that the diagram

Σn
an
ÐÐÐ→ Σ′n×××Ödn

i

×××Ödn
i

Σn−1
an−1
ÐÐÐ→ Σ′n−1

commutes. This suggests defining the map an ∶ Zfree
n Σ → Zfree

n Σ′ by an ∶ Σn → Σ′n

linearly. In fact this defines a morphism of chain complexes; that is, this definition

makes the diagram

Zfree
n Σ

an
ÐÐÐ→ Zfree

n Σ′

×××Ö∂
n

×××Ö∂
n

Zfree
n−1Σ

an−1
ÐÐÐ→ Zfree

n−1Σ
′
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commute. We check that this is true with a computation: On a basis element σnα, we

have

an−1∂
nσnα = an−1

n

∑
i=0

(−1)idni σnα =
n

∑
i=0

(−1)ian−1dni σnα =
n

∑
i=0

(−1)idni anσnα = ∂nanσnα

where we used the commutativity arising from naturality in the diagram involving

the face maps in the third equality. Therefore the diagram commutes as required. So

given a map between ∆D-simplicial sets, we have defined functorially a map between

their free complexes.

To be clear, we have only checked that this is a pseudofunctor. However, it is

an easy thing to check that the pseudofunctor preserves identity morphisms and

composition. �

5.3.3. The Oriented Chain Complex Functor.

Construction 5.3.4. We consider the way that the symmetric group acts on an

∆DT -simplicial set. Let Σ ∶∆op
DT → Set be an ∆DT -simplicial set. Write the nth set

as Σn = {σnα}α∈Jn
. The symmetric group Sn–the group of permutations on the letters

{0, . . . , n}–acts on Σn via the identification of each permutation p ∈ Sn, presented by

tij⋯ti1 in terms of transpositions ti` ∈ Sn, with the composition tnij⋯tni1 of transposition

maps tni` ∶ Σn → Σn. In other words, the group action ● ∶ Sn × Σn → Σn is given on

generators by ti ●σnα = tni σ
n
α. For each simplex σnα in !Σn, let ∣σnα∣ denote its orbit under

the action of Sn. We define an equivalence relation on ∣σnα∣ by p●σnα ∼ q●σ
n
α if and only

if sgn (p) = sgn (q).25 Observe that this is independent of the chosen representative σnα

of ∣σnα∣.26 This defines a partition on ∣σnα∣ into two equivalence classes [σnα]a, and [σnα]b.
25Recall that the number a of transpositions in one factorization tia⋯ti1 of a permutation p is con-
gruent mod 2 to the number b of transpositions in another factorization tjb

⋯tj1 ; the sign of the
permutation sgnp is then defined to be 1 if cmod2 ≡ 0 and −1 if cmod2 ≡ 1 where c is the length of
any chosen factorization of p into transpositions. Then, sgn is a homomorphism S→ {−1,1}.
26To do so, write the preceeding relation ∼, which was defined a priori with respect to α, as ∼α, and
fix any other representative σn

β of ∣σn
α∣–write r ● σn

β = σn
α–and define ∼β by p ● σn

β ∼β q ● σ
n
β if and only

if sgnp = sgnq. Suppose p●σn
α ∼α q●σ

n
α, i.e. that sgnp = sgnq. Then p●σn

α = p● r●σ
n
α and q●σn

α = q● rσ
n
β .

But sgn is a homomorphism, so sgnpr = sgnpsgnr = sgnqsgnr = sgnqr. Therefore p ● σn
α ∼β q ● σn

α. But
this argument is symmetric in α and β since we can write σn

α = r
−1
● σn

β .
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Each of these equivalence classes is known as an orientation of ∣σnα∣ or as an oriented

n-simplex in Σ. We denote by [σnα] the equivalence class which actually contains σnα

and by − [σnα] the equivalence class which does not contain σnα. We say that − [σnα] is

opposite to [σnα] or that the two together are oppositely oriented.

We define the nth oriented simplicial chain group Zori
n Σ to be

Zori
n Σ = ⟨[σnα] ∣ ([σnα])−1 = − [σnα]⟩

the abelian group generated by the oriented n-simplices of Σ subject to the relation

that an oriented n-simplex is inverse to the simplex opposite it. We denote the set

generating Zori
n Σ by Bori

n Σ and refer to it, by abuse of terminology, as the oriented

basis for Σ. It is easy to see that, in fact, a basis for Zori
n Σ is obtained by choosing

one orientation [σnα]ch from the partition {[σnα]a , [σnα]b} of each orbit ∣σnα∣.
We define the quotient map in dimension n to be the map qn ∶ Σn → Zori

n Σ given by

qn ∶ σnα z→ [σnα]

Observe that σnα ∈ [σnα] if and only if tnj σ
n
α ∈ − [σnα] since all elements of [σnα] are an

even number of transpositions from each other by definition. Therefore

qntni σ
n
α = [tni σnα] = − [σnα] = −qnσnα

for all transpositions tni .

We define the ith partial boundary operator in dimension n, for i = 0, . . . , n to be

the map ∂ni ∶ Σn → Zori
n−1Σ to be the composition ∂ni = qn−1dni . Now certainly, this will

not define functions ∂ni ∶B
ori
n Σ → Zori

n−1Σ on oriented n-simplices in Σ as one can see

from some of the simplest computations. However, the alternating sum of the partial

boundary maps is.
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We define the boundary map27 ∂n ∶ Σn → Zori
n−1Σ to be

∂n =
n

∑
i=0

(−1)i∂ni

the alternating sum of partial boundary maps. A priori this map does not induce

a well-defined function Bori
n Σ → Zori

n−1Σ on oriented n-simplices; but, as we stated in

the preceeding paragraph, it does, in fact.

To see that the boundary map does induce a well-defined map on oriented simplices,

we will need to make use of the non-degenerate symmetric simplicial identities for

∆DT -simplicial sets arising, as discussed at remark 5.2.25, contravariantly from the

non-degenerate cosimplicial identities of theorem 5.2.20. In particular, we will make

use of the contravariant version of identity (5) from theorem 5.2.20. It gives the

following commutativity relations between the faces dj and the transpositions ti:

djti = tidj

diti = di+1

djti = ti−1dj

if i < j − 1

if i > j

It will be enough to show that ∂n is constant on every oriented n-simplex [σnα] in

Σ. This we will do by showing that

∂ntni σ
n
α = −∂

nσnα

So suppose σnα ∈ Σn and that i ∈ {0, . . . , n − 1}. We compute ∂ntni σ
n
α: From the

definition of the boundary map and the partial boundary maps,

∂ntni σ
n
α =

n

∑
j=0

(−1)j∂nj tni σ
n
α =

n

∑
j=0

(−1)jqn−1dnj tni σnα

27We will use the words “boundary map” to refer to three intimately related maps.
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The commutativity relations between the faces and transpositions suggest we write

this as

∑
j<i

(−1)jqn−1dnj tni σnα + (−1)iqn−1dni tni σnα + (−1)i+1qn−1dni+1tni σnα + ∑
j>i+1

(−1)jqn−1dnj tni σnα

By rewriting the first sum according to the third identity, the second and third terms

according to the second identity, and the fourth term according to the first identity,

we obtain

∑
j<i

(−1)jqn−1tn−1i−1 dnj σ
n
α+(−1)iqn−1dn+1i σnα+(−1)i+1qn−1dni tni tni σnα+ ∑

j>i+1

(−1)jqn−1tn−1i dnj σ
n
α

But transpositions are involutions, so we can rewrite the third term as simply (−1)i+1qn−1dni σnα.
We now make use of the fact, remarked on above, that

qktk`σ
k
γ = −q

kσkγ

and obtain, after transposing and rewriting28–the middle terms

−∑
j<i

(−1)jqn−1dnj σnα +−(−1)iqn−1dni σnα +−(−1)i+1qn−1dn+1i σnα +− ∑
j>i+1

(−1)jqn−1tn−1i dnj σ
n
α

But this is clearly just

−

n

∑
j=0

(−1)jqn−1dnj σnα = −∂nσnα

So in summary, we checked that

∂ntni σ
n
α = −

n

∑
j=0

(−1)j∂nj σnα = −∂nσnα

as we had hoped. Therefore the boundary map is constant on each orientation [σnα]
of every orbit ∣σnα∣ within Σ under the group action of Sn.

Therefore the boundary map ∂n ∶ Σ → Zori
n−1Σ induces a well-defined map ∂n ∶

Bori
n Σ → Zori

n−1Σ on oriented n-simplices, also known as the boundary map. Finally,

we define the boundary map or boundary operator to be the extension of ∂n ∶Bori
n Σ →

28We rewrite by matching the powers on −1 to the indices on the face maps.
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Zori
n−1Σ to a map on the nth oriented chain complex

∂nZoriΣ = ∂
n
∶ Zori

n Σ → Zori
n−1Σ

given on generators by

[σnα] z→
n

∑
i=0

(−1)i∂ni σnα

which is not contingent on the representative σnα of the oriented n-simplex [σnα] chosen

as we have just shown. The Z-graded sequence

ZoriΣ ∶ ⋯
∂n+1

ZoriΣ

→ Zori
n Σ

∂n
ZoriΣ

→ Zori
n−1Σ

∂n−1
ZoriΣ

→ ⋯

∂0
ZoriΣ

→ Zori
−1Σ → 0→ 0⋯

of abelian groups equipped with the sequence of boundary maps is known as the

oriented chain complex associated to Σ or simply the oriented complex.

To see that it really is a chain complex, we must show that ∂∂ = 0. To do this, first

recall that Σn is the basis for the nth group in the free chain complex associated to

the ∆D-simplicial set Σ ∶ ∆op
D ↪ ∆op

DT → Set, and then linearly extend the quotient

qn ∶ Σn → Zori
n Σ to a map qn ∶ Zfree

n Σ → Zori
n Σ. It is clear from the definition of the

boundary operators on the oriented ZoriΣ and free ZfreeΣ chain complexes that the

diagram

Zfree
n Σ

qn

ÐÐÐ→ Zori
n Σ

∂n
ZfreeΣ

×××Ö
∂n

ZoriΣ

×××Ö
Zfree
n−1Σ

qn−1

ÐÐÐ→ Zori
n Σ

commutes. For suppose σnα ∈ Σn is a generator for Zfree
n Σ. Then we find that

qn−1∂nZfreeΣσ
n
α = qn−1

n

∑
i=0

(−1)idni σnα =
n

∑
i=0

(−1)iqn−1dni σnα = ∂nZoriΣ[σnα] = ∂nZoriΣqnσnα

as required. And furthermore, the signed quotient maps are surjective. So let Cnα be a

chain in Zori
n Σ; then there exists Cnβ ∈ Zfree

n Σ which is mapped by the signed quotient

to Cnα . But ZfreeΣ is a chain complex as we’ve proven; thus

0 = qn−2∂n−1ZfreeΣ∂
n
ZfreeΣCnβ = ∂

n−1
ZoriΣqn−1∂nZfreeΣCnβ = ∂

n−1
ZoriΣ∂

n
ZoriΣqnCnβ = ∂

n−1
ZoriΣ∂

n
ZoriΣCnα
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Therefore ZoriΣ is a chain complex, as claimed.

Observation 5.3.5. Passing-to-(augmented)-oriented-complex defines a functor Zori
∶

∆DT → Set.

Proof. To see this, we describe the functor on maps of ∆DT -simplicial sets. Let Σ

and Σ′ be two ∆DT -simplicial sets, and let a be a morphism between them (i.e. a

natural transformation Σ ⇒ Σ′). Then for each semi-cardinal number n in ∆DT we

have a morphism an ∶ Σn → Σ′n such that for every map θ ∶ n → m we have that the

diagram

Σn
an
ÐÐÐ→ Σ′nÕ×××Σθ

Õ×××Σ′θ

Σm
am
ÐÐÐ→ Σ′m

commutes. In particular, we have the coface maps din ∶ n-1→ n and the cotransposi-

tion maps tin ∶ n→ n; thus the diagrams

Σn−1
an−1
ÐÐÐ→ Σ′n−1Õ×××dn

i

Õ×××dn
i

Σn
an
ÐÐÐ→ Σ′n

Σn
an
ÐÐÐ→ Σ′nÕ×××

tn
i

Õ×××
tn
i

Σn
an
ÐÐÐ→ Σ′n

commute.

We define anq ∶Bori
n Σ →Bori

n Σ′ by

[σnα] ↦ [anσnα]

A priori this is not well-defined; to see that it is in fact well-defined, suppose σnβ ∈ [σnα],
i.e. that σnβ = tni2k

⋯tni1σ
n
α. Then

anσ
n
β = ant

n
i2k
⋯tni1σ

n
α = tni2k

⋯tni1anσ
n
α ∈ [anσnα]

since an commutes with tni` . So anq ∶ Bori
n Σ → Bori

n Σ′ given by qnσnα ↦ qnanσnα is

well-defined as claimed.
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We claim that this induces a chain map a ∶ ZoriΣ → ZoriΣ′. In order to prove this,

we show that for every partial boundary map29 ∂ni we have that

Σn
an
ÐÐÐ→ Σ′n×××Ö

∂n
i

×××Ö
∂n

i

Zori
n−1Σ

anq
ÐÐÐ→ Zori

n−1Σ
′

commutes. To see this, recall that ∂ni = qn−1dni . So suppose σnα ∈ Σn; then

an−1q∂
n
i σ

n
α = an−1qqn−1dni σ

n
α = qn−1an−1d

n
i σ

n
α = qn−1dni anσ

n
α = ∂

n
i anσ

n
α

by the commutativity of the left hand diagram obtained by naturality, as required.

So we can extend this commutativity to the boundary map and obtain that the

diagram

Zori
n Σ

anq
ÐÐÐ→ Zori

n Σ′

×××Ö∂
n

×××Ö∂
n

Zori
n−1Σ

anq
ÐÐÐ→ Zori

n−1Σ
′

commutes, demonstrating that aq is a chain map. For suppose [σnα] ∈Bori
n Σ. Then

an−1q∂
n [σnα] = an−1q

n

∑
i=0

(−1)i∂ni σnβ =
n

∑
i=0

(−1)ian−1q∂ni σnβ

for any σnβ ∈ [σnα]ch. But as we’ve just seen an−1q commutes with ∂ni , so we can write

this as

n

∑
i=0

(−1)i∂ni anσnβ = ∂nanσnβ = ∂n [anσnβ]ch = ∂nanq [σnβ]ch = ∂nanq [σnα]ch

Therefore anq is a chain map as claimed. Thus we have described a functorial30

construction of a map on chain complexes arising from a map on ∆DT -simplicial

sets. �

5.4. Injective and Singular Sets. We are now coming close to the specific situation

to which the theorem of the thesis applies. In this section we will first discuss a general

29For the definition, see the the top of the third paragraph of construction 5.3.4.
30It is easy to check that this is in fact the case.

85



construction, the singular set construction. Then we will use this construction to

associate to an object C in a “nice” category C two simplicial-type sets in a functorial

way: the injective-set of maps into that object and the singular-set of maps into

that object. In the case of simplicial complexes, these two simplicial-type sets are

isomorphic to (although constructed differently from the normal construction for)

the simplicial-type set of oriented simplices in the complex and the simplicial-type

set of ordered simplices in the complex, respectively. We will then be able, in the

subsequent section 5.5, to apply our machinery from section 5.3 in order to associate

to objects C in a category C two chain complexes: the oriented and the ordered chain

complexes of the object.

To begin with, we describe the general procedure of passing from a cosimplicial-type

set to a singular set:

Construction 5.4.1. Let C be some category, and let Ψ ∶∆ → C be a cosimplicial-

type object in C, i.e. just a covariant functor from some simplex-type category to C.

We construct the Ψ-singular set functor SΨ ∶ C → Set∆ on C as follows:

For each object C in C, there is a simplicial-type set arising from Ψ: the Ψ-

singular set of C. It is the contravariant functor SΨ (C) ∶ ∆op → Set given on

objects by sending n to MapsC (Ψn,C) and on morphisms by sending θ ∶ n →m to

− ○Ψθ ∶MapsC (Ψm,C)→MapsC (Ψn,C).
And for each map f ∶ C → C ′ there is a map31 SΨ (f) ∶ SΨ (C) → SΨ (C ′) of

simplicial-type sets: Let n be a cardinal-type number, i.e. an object of ∆DST ; then

SΨ (f) is defined, on this “coordinate” n, to be

f ○ − ∶ SΨ (C)n =MapsC (Ψn,C)→MapsC (Ψn,C
′) = SΨ (C ′)n

31Recall that a map of simplicial-type sets is a natural transformation and that a natural trans-
formation can be described by its behaviour on coordinates–i.e. on objects in the domain of both
functors.
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which is given by

MapsC (Ψn,C) ∋ (a ∶ Ψn → C)↦ (f ○ a ∶ Ψn → C ′)MapsC (Ψn,C
′)

To see that this really defines a map of simplicial-type sets, i.e. to see that it defines a

natural transformation between the functors, we need to check that for any morphism

θ ∶ n→m the diagram

MapsC (Ψn,C) f○−
ÐÐÐ→ MapsC (Ψn,C ′)

Õ×××−○Ψθ
Õ×××−○Ψθ

MapsC (Ψn,C) f○−
ÐÐÐ→ MapsC (Ψn,C)

commutes–i.e. that (− ○Ψθ) (f ○ −) = (f ○ −) (− ○Ψθ). But this just a different way

of stating the associativity of certain compositions in C: For let a ∈MapsC (Ψn,C),
i.e. let a ∶ Ψn → C. The two compositions–(− ○Ψθ) (f ○ −), and (f ○ −) (− ○Ψθ)–
evaluated at a are equal to the morphisms f ○ (a ○Ψθ) and (f ○ a) ○Ψθ respectively

in C; and these morphisms are equal since C is a category–in particular, since C is

associative.

So far, we have seen that SΨ as defined is a pseudofunctor. That it is a functor, that

it preserves identity morphisms and composition, is basically a consequence of the fact

that C is a category. To see that it preserves identity morphisms, let C be an object

of C. Then in fact SΨ (idC) is the identity natural transformation: It is given on each

component n by (post)-composition-with-f , by (post)-composition-with-idC . But

(post)-composition-with-idC is the identity map MapsC (Ψn,C) → MapsC (Ψn,C)
since for any morphism a ∈MapsC (−,C) in C with codomain C, idC ○ a = a since C

is a category. So SΨ does indeed preserve identity morphisms. To see that it also

preserves composition, consider its behaviour on the commutative diagram

C
f

ÐÐÐ→ C ′
f ′

ÐÐÐ→ C ′′

×××ÖidC

Õ×××idC′′

C ÐÐÐ→ (f ′ ○ f) ÐÐÐ→ C ′′
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in C. In particular, it will be enough to consider the restriction of the image to

some fixed coordinate n ∈∆–that is, consider the diagram under the composition of

SΨ with “evaluate at n”. This image is the (a priori not-necessarily commutative)

diagram

SΨ (C)n SΨ(f)n
ÐÐÐÐ→ SΨ (C ′)n SΨ(f ′)n

ÐÐÐÐ→ SΨ (C ′′)n
×××ÖSΨ(idC)n

Õ×××SΨ(idC′′)n

SΨ (C)n ÐÐÐ→ SΨ (f ′ ○ f)n ÐÐÐ→ SΨ (C ′′)n
which we can rewrite more comprehensibly as

MapsC (Ψn,C) (f○−)
ÐÐÐ→ MapsC (Ψn,C ′) (f ′○−)

ÐÐÐ→ MapsC (Ψn,C ′′)
×××Öid

Õ×××id

MapsC (Ψn,C) ÐÐÐ→ ((f ′ ○ f) ○ −) ÐÐÐ→ MapsC (Ψn,C ′′)
using the defintions and the fact that identity morphisms are preserved. The diagram

does in fact commute, however, since C is a category hence has associative composi-

tion. For let a ∈MapsC (Ψn,C), i.e. let a ∶ Ψn → C. Then a is taken by the bottom

path, i.e. by the composition id ((f ′ ○ f) ○ −) id to ((f ′ ○ f) ○ −)a = (f ′ ○ f) ○ a; and

a is taken by the top path, by the composition (f ′ ○ −) (f ○ −) to f ′ ○ (f ○ a). By the

associativity of composition in C, these are equal. Therefore, SΨ preserves composi-

tions. This proves that SΨ ∶ C → Set∆ on C is a functor.32

Definition 5.4.2. A concrete category C is a category equipped with an initial ob-

ject33 0C, a terminal object34 1C and a faithful functor FC = F ∶ C → Set, known as

the forgetful functor which takes all initial objects 0C to ∅ and all terminal objects

to terminal objects in Set (i.e. it takes terminal objects in C to singletons).

32Notice that the proof does not depend on the probing functor Ψ ∶∆ → C or indeed on the probe
category ∆. This suggests a massive generalization mentioned previously in remark 5.2.16.
33See definition 3.2.12.
34See definition 3.2.13.
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Among the other things35 that can be done when we fix a functor to Set, we

can talk about those morphisms whose images under the functor are injective. In

particular, this allows us to specify a subcategory which we can think of as being the

subcategory of “injective” maps.

Definition 5.4.3. A morphism f in a concrete category C is injective just in case its

image FCf under the forgetful functor is injective. We will refer to those morphisms

which are not injective as degenerate. The subcategory of injective maps InjC of a

concrete category C then is just the subcategory whose objects are the objects of C

and whose morphisms are the injective morphisms.

Since we demanded that every terminal object in C is sent to a singleton in Set,

we have that every morphism from a terminal object is injective since every function

from a singleton set is injective. In the same way, we have that every morphism

from an initial object is injective. Furthermore, the labeling, as it is functorial, has

other nice properties which coincide with our intuition about injectivity: for instance

the composition of two injective morphisms is injective (since functors preserve com-

position) and every identity morphism is injective (since functors preserve identity

morphisms).

Definition 5.4.4. A standard cosimplicial object, denoted by Ψ in a concrete cate-

gory C is a ∆DST -cosimplicial object Ψ = Ψ ∶∆DST → C which satisfies that

(1) Ψ−1 is initial and Ψ0 is terminal in C

(2) all cotransposition and coface maps are injective, but all codegeneracy maps

are degenerate

(3) every degenerate morphism Ψi → C factors as a degenerate morphism within

Ψ followed by an injective morphism to C.

35In fact, choosing a particular functor to Set is a somewhat strong move, and is not necessary for
our purposes. However, describing the label “injective” that is appended to some morphisms in the
category is much easier this way.
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Remark 5.4.5. Observe that a morphism θ ∶ Ψn → Ψm in Ψ is injective if and only if

its preimage θ ∶ n→m is injective, since the generating maps for Ψ which we demand

are injective (degenerate) are exactly those which correspond to the generating maps

of ∆DST which are injective (degenerate). This correspondence remains for arbitrary

generated maps in Ψ by the functoriality of the adjective “injective.”

Example 5.4.6. The following cosimplicial-type objects are standard:

(1) The inclusion functor ∆DST → Set.

(2) The classic simplex functor ∆DST → SimpComp.

Lemma 5.4.7. Let C be a concrete category and let Ψ be a standard ∆DST -cosimplicial

object. Suppose σ ∶ Ψn → C is degenerate. Then there exists a minimal k < n such

that σ factors through Ψk. Furthermore, σ can be written as

Ψn
t
i`
n ⋯t

i1
n
→ Ψn

s
i`
k
⋯s

i1
n−1
→ Ψk

σk
inj

→ C

Proof. This is an immediate consequence of the factoring algorithm for ∆DST of

proposition 5.2.7. From the definition of a standard cosimplicial object, we can factor

σ = σminjθ where σminj ∶ Ψm → C is injective and θ is a degenerate map within Ψ. Thus,

by that algorithm we obtain a factorization

n
tiα
n ⋯t

i1
n

→ n
s
iβ
k
⋯s

i1
n−1
→ k

d
iγ
m⋯d

i1
k+1
→ m

σm
inj

→ C

Then, since Ψ is standard, diγm⋯di1k+1 is injective, so we can define σkinj = σ
m
injd

iγ
m⋯di1k+1

which works. �

Definition 5.4.8. Let C be a concrete category, and let Σ ∶∆DST → C be a standard

cosimplicial object. We define the Ψ-injective set functor, denoted by IΨ , to be

simply the Ψ-singular set functor SΨ ∶ InjC → Set∆DT associated to InjC. When it is

clear which standard cosimplicial object we are defining the injective set with respect

to, we denote it simply by I.
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Obviously IΨ is defined for every object in C since the objects of InjC are exactly

those of C. However, we need to be clear that, this cannot extend to a functor from

C: Let f ∶ C → C ′ be a non-injective morphism in C. Then we might hope to define

I
Ψ (f) to be the precompose-by-f map as we had before. However the image of

this map is not contained in IΨ (C ′) since f is not injective. In fact there is no

non-arbitrary way to extend the domain of IΨ to all morphisms in C.

Definition 5.4.9. As usual, we refer to, as injective n-simplices in C, the elements

σnα of the nth-graded set In (C) of the injective set functor evaluated at an object

C. In addition, we refer to the elements σ0
α = κα of I0 (C) as the vertices of C. For

every injective n-simplex σnα, there are exactly n+ 1 vertices κi ∶ Ψ0 → C which factor

Ψ0 → Ψn

σn
α
→C. These are known as the vertices of σnα; the collection of these vertices

of σnα is known as the vertex set of σnα and is denoted by Vσnα.

Observe that there is a natural ordering on the vertex set Vσnα. A setwise account

via the order structure on n can be produced, but that is rather unnatural and involves

repeatedly enlisting set theoretic machinery by means of pulling back to ∆DST and

then pushing forward again to C. Instead of pursuing this path, we give an account

more at home in the context of a standard cosimplicial object in a concrete category.

To obtain this, we first order the coface maps Ψn−1 → Ψn: we say that din < djn if and

only if i < j. We now order length-2 sequences of coface maps Ψn−2 → Ψn: we say

that di2n di1n−1 < dj2n dj1n−1 (where we have rewritten both sequences so that i2 < i1 +1 and

j2 < j1+1 by means of the relevant identities) if and only if one of (1) i1 < j1, (2) i1 = j1,

i2 < j2. Suppose that length-(k − 1) sequences of coface maps have been ordered. We

order length-k sequences of coface maps Ψn−k → ⋯ → Ψn as follows: we say that

dikn dik−1n−1⋯di1n−k+1 < djkn djk−1n−1⋯dj1n−k+1 (where we have rewritten both sequences so that

for all `, i`+1 < i`+1 and j`+1 < j`+1 by repeated application of the relevant identities)

if and only if one of (1) dik−1n−1⋯di1n−k+1 < djk−1n−1⋯dj1n−k+1, (2) dik−1n−1⋯di1n−k+1 = djk−1n−1⋯dj1n−k+1

and dikn < djkn . This linearly orders the set of all (finite-length) sequences of coface
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maps Ψm → Ψn in a “dictionary-order style.” In particular, this orders sequences of

coface maps Ψ0 → Ψn.

At last, we can produce the natural ordering on vertex sets. Suppose that σnα ∶

Ψn → C is an injective n-simplex in C. Every vertex καi
of σnα factors as a sequence

dinn ⋯di11 of coface maps followed by σnα as a corollary of lemma 5.4.7. Thus we obtain

a linear order on Vσnα which has, for instance the sequence represented by d0
n⋯d0

1 as

minimal and has the sequence dnn⋯d1
1 as maximal.

Definition 5.4.10. We also define the Ψ-singular set functor SΨ ∶ InjC → Set∆DST

to be the restriction to InjC of the standard Ψ-singular set functor SΨ ∶ C → Set∆DST .

There is an injective natural transformation incl ∶ IΨ
⇒ SΨ from IΨ to SΨ

36 which

is given on components, as the notation indicates, by inclusion. This makes sense

because the set of injective morphisms between two objects is a subset of the set of

all morphisms between them.

Since IΨ can be defined only for the category InjC, this is the category which

will be the codomain of the oriented and ordered chain complex functors. In the

coming section, section 5.5, we will define these functors to be the composition of

the injective set and singular set functors with the oriented and free chain complex

functors, defined in sections 5.3.

5.5. Oriented and Ordered Chain Complexes. In this section, we apply the

algebraic machinery we constructed in section 5.3 to the simplicial-type sets we just

constructed in section 5.4. In the case of homology of simplicial complexes, this

corresponds to defining the oriented and ordered chain complexes. Once we have

defined the chain complex functors, we will define the oriented and ordered homology

functors simply by means of composing with the homology functor defined in section

4.3. Then, with these definitions out of the way, we can get to the work of the theorem

in section 5.6.

36This is almost true. In fact, the codomain is the component-wise restriction to !s∆.
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Definition 5.5.1. Let C be a concrete category, and let Ψ ∶ !s∆ → InjC be the

restriction to !s∆ of a standard ∆DST -cosimplicial set Ψ. The oriented chain complex

functor 37 Zori
∶ InjC → ChainZ is the composition ZoriI

Ψ of the Ψ-injective set

functor with the oriented complex functor38.

Definition 5.5.2. Let C be a concrete category, and let Ψ be a standard ∆DST -

cosimplicial set in C. The ordered chain complex functor 39 Zord
∶ InjC → ChainZ is

the composition ZfreeSΨ of the Ψ-singular set functor with the free complex functor.40

We now define the oriented and ordered homologies simply by composing:

Definition 5.5.3. Let C be a concrete category, and let Ψ ∶ !s∆ → InjC be the

restriction to !s∆ of a standard ∆DST -cosimplicial set Ψ. The oriented homology

functor Hori
∶ InjC → Ab is the composition HZori of the oriented complex functor

just defined at definition 5.5.1 with the homology functor, defined in section 4.3.

Definition 5.5.4. Let C be a concrete category, and let Ψ be a standard ∆DST -

cosimplicial set in C. The ordered homology functor Hord
∶ InjC → Ab is the com-

position HZord of the ordered complex functor defined in definition 5.5.2 with the

homology functor defined in section 4.3.

Finally, all terminology is in place for the theorem to be proven. The heart of the

proof is in the coming section.

5.6. Natural and Infranatural Transformations on Chain Complexes. In this

section, we will be working to establish a natural transformation T ∶ Zord ⇒ Zori and

an infranatural transformation T ′ ∶ Zori ⇒ Zord such that the composition TT ′ is the

identity natural transformation Zori⇒ Zori and the composition T ′T, while not equal

to the identity infranatural transformation Zord ⇒ Zord, is chain homotopic to it.

37If necessary, we say that this is the oriented chain complex functor associated to Ψ.
38Introduced in section 5.3.
39If necessary, we say that this is the ordered chain complex functor assoicated to Ψ.
40See definition 5.3.1.
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Once we establish these facts, a simple application of the acyclic carrier theorem of

section 4.5 will prove the main result.

Throughout this section, we work in a fixed concrete category C with a fixed ∆DST -

cosimplicial set !Ψ̂.

Construction 5.6.1. We would like to compare the oriented and ordered chain

complex functors introduced in section 5.5, so we construct natural transformations41

between them as follows. First, we define the natural transformation T ∶ Zord ⇒ Zori.

To do so, we define maps TC ∶ ZordC ⇒ ZoriC for each C in C and check that they

satisfy the commutativity requirements. Let C be an object in C, and write Zord
n C =

Zfree
n S!Ψ (C) = ⟨MapsC (!sΨn,C)⟩ = ⟨{σnα ∶ !sΨn → C}⟩. We define

TC (σnα) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

[σnα] if σnα injective

0 otherwise

This is in fact a chain map. In the case σnα = 0, it is trivial that the boundary operator

commutes with the map. For the case where σnα is injective, consult construction 5.3.4

where we showed that the quotient commutes with the boundary operator on the free

complex generated by I!Ψ (C) which is a subcomplex of the ordered complex because

the set of injective maps is a subset of the set of all maps.

So we have defined T to be an infranatural transformation. We check that it is

actually a natural transformation. Suppose f ∶ C → C ′ is a morphism in InjC. We

check that the diagram

ZordC
TC
ÐÐÐ→ ZoriC

×××ÖZordf
×××ÖZorif

ZordC ′
TC′

ÐÐÐ→ ZoriC ′

commutes. Suppose σnα is a basis element of ZordC–then it is some morphism in

MapsC (!Ψn,C). Consider the case where σnα is not injective: we have ZorifTC (σnα) =
Zorif (0) = 0 and similarly TC′Zordf (σnα) = TC′ (fσnα) = 0 since composition does not

41In fact, two infranatural transformations, one of which really is a natural transformation.
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alter whether a function is degenerate. The other case is more involved. Compute

that

ZorifTC (σnα) = Zorif [σnα] = [fσnα] = q (fσnα) = TC′ (fσnα) = TC′Zorif (σnα)

This computation shows that the two quantities of interest are equal as required.

Thus T really is a natural transformation.

In fact, there is no natural transformation T ′ ∶ Zori ⇒ Zord of interest; moreover,

every infranatural transformation42 involves an arbitrary specification of one partic-

ular σnα ∶ !sΨn → C for each orbit ∣σnα∣ under the action43 of Sn. But instead of letting

that stop us, we simply fix, once and for all, one σnα in each ∣σnβ ∣ (for every object C

in C). But we will not do this by means of an arbitrary choice for each orbit. Instead,

we choose a partial ordering on the set VC = I0 (C) of vertices in C which induces a

linear ordering on the vertex set Vσnα of every simplex in C.

Clearly44 every simplex in the orbit of σnα has the same vertex set as σnα; we choose

the simplex σnα ∈ ∣σnα∣ whose natural vertex ordering45 coincides with the induced

ordering on Vσnα, which is possible since there is a simplex σnβ ∈ ∣σnα∣ for each possible

ordering.

Consequently, every face σnαd
1
0 is itself equal to some chosen simplex σn−1β since both

orderings (both that arising naturally from the ordering of the sequences of coface

42An infranatural transformation is a natural transformation lacking the commutativity condition.
43This is discussed at some length in construction 5.3.4.
44To see this, recall that there are exactly n+1 morphisms, which factor as sequences of coface maps,

din,1
n ⋯di1,1

1 , . . . ,din,n+1
n ⋯di1,n+1

n ∶ Ψ0 → Ψn

The vertices of σn
α ∶ Ψn → C are precisely these coface sequences followed by σn

α. Suppose that σn
β is

in the same orbit as σn
α. Then σn

α = σn
β ti`

n⋯ti1
n . Since ti`

n⋯ti1
n is an isomorphism in C, we have that

ti`
n⋯ti1

n din,1
n ⋯di1,1

1 , . . . , ti`
n⋯ti1

n din,n+1
n ⋯di1,n+1

n

are n + 1 distinct morphisms. And these followed by σn
β are vertices of σn

β . But σn
α = σn

β ti`
n⋯ti1

n .
Therefore the vertices of σn

β , which we just observed can be written

σn
β ti`

n⋯ti1
n din,1

n ⋯di1,1
1 , . . . , σn

β ti`
n⋯ti1

n din,n+1
n ⋯di1,n+1

n

, are exactly the same as the vertices of σn
β under this substitution.

45See the discussion following immediately after definition 5.4.9 for more detail.

95



maps and that induced by the partial order on VC) on Vσnαd1
0 are given by restriction-

to-a-subset of the orderings on Vσnα. However, from the other direction, simply that a

simplex σnα is selected, that the ordering on Vσnα induced by the ordering on sequences

of coface maps is the same as the ordering on Vσnα induced by the partial order, does

not prove that there exists a simplex σn+1α̂ and a coface map din+1 such that σn+1α̂ is

a chosen simplex and that σn+1α̂ din+1 = σ
n
α since there is not even any guarantee that

there is an injective morphism σn+1α̂ which has σnα̂ as a face.

We now define the infranatural transformation T ′ ∶ Zori⇒ Zord. Let C be an object

in C. Then we define T ′C ∶ ZoriC → ZordC on basis elements by

[σnα]ch ↦
⎧⎪⎪⎪⎨⎪⎪⎪⎩

σnα if σnα ∈ [σnα]
−σnα if σnα ∉ [σnα]

In order to be the C-component of an infranatural transformation ZoriC → ZordC, it

must be a morphism in the codomain category of both functors, namely ChainZ. In

other words, this must be a chain map; so we must have that the diagram

Zori
n C

T ′C
ÐÐÐ→ Zord

n C
×××Ö
∂n

ZoriC

×××ÖZordC

Zori
n−1C

T ′C
ÐÐÐ→ Zord

n−1C

commutes. Suppose [σnα] is a generator of Zori
n C. We compute

∂nZordCT
′

C [σnα] = ∂nZordC
(±σnα) =

n

∑
i=0

±(−1)idni σnα

where the sign ± is determined by whether σnα ∈ [σnα]. And also

T ′C∂
n
ZoriC [σnα] = T ′C

n

∑
i=0

(−1)i∂ni σnα = T ′C
n

∑
i=0

(−1)iqn−1dni σnα = T ′C
n

∑
i=0

(−1)i ± qn−1dni σ
n
α
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where the sign ± comes from the change of representative from σnα to σnα.
46 We can

rewrite this as
n

∑
i=0

(−1)i ± T ′Cqn−1dni σ
n
α =

n

∑
i=0

(−1)i ± dni σ
n
α

since the composition T ′Cqn−1 in effect multiplies by the same sign twice. Thus the

two maps are equal on basis elements, so the diagram commutes. Thus T ′C is a chain

map as required.

Ideally, we would have that T ′ is a natural transformation. Why do we not expect

it to be one? Let f ∶ C → C ′ be a morphism in C; that T ′ is a natural transformation

is the statement that this diagram

ZoriC
T ′C
ÐÐÐ→ ZordC

×××ÖZorif
×××ÖZordf

ZoriC ′
T ′

C′

ÐÐÐ→ ZordC ′

commutes. But suppose [σnα] ∈ ZoriC. Then we compute

ZordfT ′C [σnα] =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Zordfσnα if σnα ∈ [σnα]
Zordf (−σnα) if σnα ∈ [σnα]

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

fσnα if σnα ∈ [σnα]
−fσnα if σnα ∈ [σnα]

And on the other hand

T ′C′Zorif [σnα] = T ′C′ [fσnα] =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

σn−1β if σn−1β ∈ [σn−1β ]
−σn−1β if σn−1β ∉ [σn−1β ]

where fσnα ∈ ∣σnβ ∣. In general, we cannot expect them to be equal; in fact, there is no

way to define T ′ so that are equal.

Observation 5.6.2. The composition TT ′ ∶ Zori ⇒ Zori is the identity natural trans-

formation.

46In construction 5.3.4, we showed that for, σn
α, σn

β ∈ ∣σn
α∣, ∂nσn

α = ±∂
nσn

β where the sign ± is positive
just in case σn

β is an even permutation from σn
α. Thus this sign ±, just like the last one–and in the

same way–is determined by whether σn
α ∈ [σn

α].
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Proof. Let C be an object in C. We compute the composition TT ′ on the C compo-

nent: Suppose [σnα] is a basis element of ZoriC. From the definition of T ′ we have

T ′C [σnα] =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

σnα if σnα ∈ [σnα]
−σnα if σnα ∉ [σnα]

And from the definition of T we have

TCσ
n
α =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

[σnα] if σnα ∈ [σnα]
− [σnα] if σnα ∈ [σnα]

If σnα ∈ [σnα], then

TCT
′

C [σnα] = TCσnα = [σnα]

where the last equality comes from our assumption that σnα is equivalent to σnα. Sim-

ilarly if σnα ∉ [σnα], then

TCT
′

C [σnα] = TC (−σnα) = −TCσnα = (−1)2 [σnα] = [σnα]

Therefore TCT ′C = idC . And so, as claimed, TT ′ = id. �

It is clear that the other composition, which is only an infranatural transformation,

T ′T is not the identity. In fact it takes every basis element σnα to ±σnα, the choice of

representative from the orbit ∣σnα∣ fixed ahead of time where the sign is the sign of

any permutation from σnα to σnα and every non-injective basis element to 0. However,

something weaker is true:

Theorem 5.6.3. The infranatural transformation T ′T ∶ Zord ⇒ Zord is chain ho-

motopic to the identity natural transformation. That is, for every C in C, T ′CTC ∶

ZordC → ZordC is chain homotopic to idZordC.

Nota bene: This theorem says nothing about morphisms C → C ′ since the trans-

formation T ′T is only infranatural.
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In order to prove this, we construct, for each object C in C, an acyclic carrier

Φ ∶ BordC → SZordC from ZordC to itself which carries both idZordC and T ′CTC and

then apply the acyclic carrier theorem. However, a naive construction, directly from

the definition of maps being carried by an acyclic carrier, is, although possible, very

messy and against the spirit of the theorem. So instead, we follow a much more

elegant trajectory:

Lemma 5.6.4. Let σkα be a k-simplex in C, and let Vσkα be the vertex set of σkα. Sup-

pose BF is the graded subset of BordC given by BkF [σkα] = {σnβ ∶ Ψn → Ψk → C} ⊂
MapsC (Ψn,C). In words, BnF [σkα] is the set of all maps Ψn to C which factor

through σkα by a morphism in the image of Ψ. Then the subcomplex F [σkα] is acyclic.

We refer to F [σkα] as the fundamental acyclic subcomplex of σkα.

Proof. To see that F [σkα] is acyclic, we define a map Dn+1 ∶ Fn [σkα] → Fn+1 [σkα]
which satisfies that

∂n+1F[σk
α]Dn+1 +Dn∂

n
F[σk

α] = idF[σk
α]

so that in particular an n-chain Cnβ ∈ Fn [σkα] in the kernel of ∂n
F[σk

α] is lifted to an

n + 1 chain Cn+1
β̂
∈Fn+1 [σkα] whose boundary ∂n+1

F[σk
α]C

n+1
β̂

is Cnβ .

Choose κα to be any fixed vertex in σkα. We define Dn inductively on basis elements.

For the case n = 0, define D0σ−1 = κα. Observe that this satisfies that d0
0D0σ−1 = σ−1.

For the case n = 1, define D1σ0
β = σ

1
β̂

to be the unique 1-simplex such that σ1
β̂
d0

1 = σ
0
β

and that σ1
β̂
d1

1 = κα. Observe that this satisfies that d1
0D0σ0

β = σ
0
β and d1

1D0σ0
β =

D0 (σ0
βd

0
0). Suppose that D defined for m < n; we define Dnσn−1β = σn

β̂
to be the

unique n-simplex such that dn0σ
n
β̂
= σn−1β and that dni σ

n
β̂
=Dn−1d

n−1
i−1 σ

m
β̂

.
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We now check that the equation holds. Suppose σnβ ∈Fn [σkα]. We compute:

∂n+1F[σk
α]Dn+1σ

n
β+Dn∂

n
F[σk

α]σ
n
β

= ∑n+1i=0 (−1)idn+1i Dn+1σnβ +Dn∑ni=0 (−1)idni σnβ
= dn+10 Dn+1σnβ +∑

n
i=0 (−1)i+1dn+1i+1 Dn+1σnβ +∑

n
i=0 (−1)iDnd

n
i σ

n
β

= dn+10 Dn+1σnβ +∑
n
i=0 (−1)i+1Dnd

n
i σ

m
β̂
+∑ni=0 (−1)iDnd

n
i σ

n
β

= σnβ +∑
n
i=0 ((−1)i+1 + (−1)i)Dnd

n
i σ

n
β

= σnβ

Thus, the identity holds.

We can now prove that F [σkα] is acyclic. First, observe that ∂0
F[σk

α] is surjective if

k ≠ 0: every 0-simplex σ0
β in F0 [σkα] is mapped by ∂0

F[σk
α] to σ−1. Thus

F0 [σkα]→F−1 [σkα]→ 0

is exact. Now suppose Cnβ ∈ Fn [σkα] is in the kernel of the boundary map. Write

Cn+1
β̂
= Dn+1Cnβ . Then ∂n+1

F[σk
α]Dn+1Cn+1

β̂
= Cnβ −Dn∂nF[σk

α]C
n
β = Cnβ since ∂n

F[σk
α]C

n
β = 0. It

follows that

Fn+1 [σkα]→Fn [σkα]→Fn−1 [σkα]

is exact. In other words F [σkα] is acyclic. �

Observation 5.6.5. The function BordC → SZordC given by σnα ↦ F [σnα] is an

acyclic carrier.

Proof. From lemma 5.6.4, F [σnα] is acyclic for every σnα. What remains, then, to

prove is that

(1) ∂0
F[σk

α] ∶F0 [σkα]→F−1 [σkα] is surjective if k ≠ 0 and moreover that the diagram

Zord
0 C

∂0
ZordC

ÐÐÐ→ Zord
−1 CÕ×××incl
Õ×××incl

F0 [σkα]
∂0

F[σk
α]

ÐÐÐÐ→ F−1 [σkα]
commutes and the right vertical inclusion arrow is the identity.
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(2) every (n − 1)-simplex σn−1γ which appears with non-zero coefficient in the

boundary of σnβ satisfies that F [σn−1γ ] is a subcomplex of F [σnβ].

Let σkα be an n-simplex in C. We already have proven that ∂0
F[σk

α] ∶F0 [σkα]→F−1 [σkα]
is surjective in the proof of lemma 5.6.4. In order to see that (1) holds, just observe

that the inclusion F−1 [σkα] → ZordC is the identity since σ−1 is the generator of

F−1 [σkα].
In order to prove that (2) holds, it is enough to check that the subcomplex F [σk−1β ]

associated to every face of σkα is a subcomplex of F [σkα]. But this is immediate:

the fundamental acyclic subcomplex F [σkα] of σkα is generated by all simplices σnβ

which factor through σkα, and the fundamental acyclic subcomplex F [σk−1β ] of σk−1β

is generated by all simplices which factor through σk−1β . But σk−1β is a face of σkα. So

every simplex which factors through σk−1β factors through σkα since σk−1β itself factors

through σkα. Thus the generating set of F [σk−1β ] is a subset of the generating set of

F [σkα]. Therefore F [σk−1β ] is a subcomplex of F [σkα] as required. �

We now obtain Theorem 5.6.3 as a corollary of this observation together with the

acyclic carrier theorem:

Proof. By observation 5.6.5, F is an acyclic carrier ZordC → ZordC. Furthermore,

it clearly carries both idZordC and T ′CTC : for every k-simplex σkα, we have that

σkα, T
′

CTCσ
k
α ∈ F [σkα] since T ′CTCσ

k
α factors through σkα as σkαt

i`
k⋯ti1k . Therefore, by

theorem 4.5.4, T ′CTC is chain homotopic to idZordC , as claimed. �

As a corollary, we obtain the main theorem of the thesis:

5.7. Natural and Infranatural Isomorphisms on Homology.

Theorem 5.7.1. Oriented and Ordered Homology are Naturally Isomorphic: The

ordered homology functor is naturally isomorphic (and infranaturally isomorphic) to

the oriented homology functor.
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Proof. We now have the infranatural transformation T ′ ∶ Zori ⇒ Zord. For every

object C in C, we have T ′C ∶ ZoriC → ZordC which satisfies that TCT ′C = idZoriC , as we

checked in 5.6.2, and, as have just established in theorem 5.6.3, that T ′CTC ∶ ZordC →

ZordC is a chain homotopy. Therefore, we have that HTCT ′C =HidZoriC and that, by

proposition 4.4.5, that HT ′CTC = HidZordC . But homology is a functor, so we have

that HTCHT ′C =HidZoriC and that HT ′CHTC =HidZordC .

Thus, HT ′C is an isomorphism. Therefore HT ′ is an infranatural isomorphism.

Furthermore, HTC is an isomorphism. We constructed the natural transformation

T ∶ Zord ⇒ Zori in section 5.6. For every morphism f ∶ C → C ′, we have that the

diagram

ZordC
TC
ÐÐÐ→ ZoriC

×××ÖZordf
×××ÖZorif

ZordC ′
TC′

ÐÐÐ→ ZoriC ′

commutes. And homology is a functor as we saw in section 4.3. Therefore this

commutative diagram gives rise to the following diagram

HZordC
HTC
ÐÐÐ→ HZoriC

×××ÖHZorif
×××ÖHZordf

HZordC ′
HTC′

ÐÐÐ→ HZoriC ′

which also commutes as a consequence of functoriality. But the vertical morphisms

in this diagram are isomorphisms. Therefore, by commutativity, the horizontal mor-

phisms are isomorphisms. �
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